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Recent developments of Lyapunov-type
inequalities for fractional differential equations
Sotiris K. Ntouyas, Bashir Ahmad and Theodoros P. Horikis
Abstract A survey of results on Lyapunov-type inequalities for fractional differen-
tial equations associated with a variety of boundary conditions is presented. This
includes Dirichlet, mixed, Robin, fractional, Sturm-Liouville, integral, nonlocal,
multi-point, anti-periodic, conjugate, right-focal and impulsive conditions. Further-
more, our study includes Riemann-Liouville, Caputo, Hadamard, Prabhakar, Hil-
fer and conformable type fractional derivatives. Results for boundary value prob-
lems involving fractional p-Laplacian, fractional operators with nonsingularMittag-
Leffler kernels, q-difference, discrete, and impulsive equations, are also taken into
account.
1 Introduction and Preliminaries
Integral inequalities are fundamental in the study of quantitative properties of so-
lutions of differential and integral equations. The Lyapunov-type inequality is one of
such inequalities when investigating the zeros of solutions of differential equations.
A method for deriving a Lyapunov-type inequality for boundary value problems
dates back to Nehari [1] and is based on the idea of converting the given problem
into an integral equation. To illustrate this method, let us consider the following
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boundary value problem:{
y′′(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y(b) = 0,
(1)
where a,b ∈ R,a< b are consecutive zeros of y(t) and y(t) 6≡ 0, for all t ∈ (a,b). It
can easily be shown that problem (1) is equivalent to the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (2)
where G(t,s) is the Green’s function given by
G(t,s) =−


(t− a)(b− s)
b− a
, a≤ s≤ t ≤ b,
(s− a)(b− t)
b− a
, a≤ t ≤ s≤ b.
(3)
Taking the absolute value of both sides of equation (2), and taking into account that
y does not have any zeros in (a,b),we get
1≤ max
a≤t≤b
∫ b
a
|G(t,s)||q(s)|ds, (4)
which yields the desired Lyapunov inequality
∫ b
a
|q(s)|ds≥
1
max(t,s)∈[a,b]×[a,b] |G(t,s)|
. (5)
In the special case where can find H(s) explicily such that max
t∈[a,b]
|G(t,s)| ≤ H(s),
then we obtain the following inequality
1≤
∫ b
a
H(s)|q(s)|ds.
Clearly the function H(t) for problem (1) is
(t− a)(b− t)
b− a
. Moreover, if we take
the absolute maximum of the function H(t) for all t ∈ [a,b], then it is obtained the
following well-known Lyapunov inequality [2].
Theorem 1. If the boundary-value problem (1) has a nontrivial solution, where q is
a real and continuous function, then
∫ b
a
|q(s)|ds>
4
b− a
. (6)
The factor 4 in the above inequality is sharp and cannot be replaced by a larger
number.
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LaterWintner in [3] and more authors thereafter generalized this result by replac-
ing the function |q(t)| in (6) by the function q+(t), q+(t) =max{q(t),0},where now
the resulting inequality reads:
∫ b
a
q+(s)ds>
4
b− a
, (7)
with q+(t) =max{q(t),0}.
In [4], Hartman expanded further this result with the following inequality
∫ b
a
(b− t)(t− a)q+(t)dt > (b− a), (8)
which is sharper than both (6) and (7).
Clearly, (8) implies (7) as (b− t)(t−a)≤
(b− a)2
4
for all t ∈ [a,b] and the equal-
ity holds when t =
a+ b
2
.
It is worth mentioning that inequality (6) has foundmany practical applications in
differential equations (oscillation theory, disconjugacy, eigenvalue problems, etc.),
for instance, see [5]-[11] and references therein. A thorough literature review deal-
ing with continuous and discrete Lyapunov inequalities and their applications can
be found in [12] and [13] (which also includes an excellent account on the history
of such inequalities).
In many engineering and scientific disciplines such as physics, chemistry, aerody-
namics, electrodynamics of complex media, polymer rheology, economics, control
theory, signal and image processing, biophysics, blood flow and related phenomena,
fractional differential and integral equations represent processes in a more effective
manner than their integer-order counterparts. This aspect has led to the increasing
popularity in the study of fractional order differential and integral equations among
mathematicians and researchers. In view of their extensive applications in various
fields, the topic of inequalities for fractional differential equations has also attracted
a significant attention in recent years.
This survey article is organized as follows. In Section 2 we introduce the reader
to some basic concepts of fractional calculus. In Section 3 we summarize Lyapunov-
type inequalities for fractional boundary value problems with different kinds of
boundary conditions. In Section 4 we consider the inequalities for nonlocal and
multi-point boundary value problems. Results on p-Laplacians are discussed in Sec-
tion 5, while results on mixed fractional derivatives are given in Section 6. Section
7 deals with Lyapunov-type inequalities for Hadamard fractional differential equa-
tions. In Section 8, inequalities involving Prabhakar fractional differential equations
are discussed. Section 9 contains the results on fractional q-difference equations,
while Section 10 consists of the results involving fractional derivatives with respect
to a certain function. Inequalities involving left and right derivatives, operators with
nonsingular Mittag-Leffler kernels, discrete fractional differential equations, and
impulsive fractional boundary value problems are respectively given in Sections
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11, 12, 13 and 14 respectively. We include the results for Hilfer rand Katugampola
fractional differential equations in Sections 15 and 16 respectively, and conclude
with Section 17 with results on conformable fractional differential equations. Note
that our goal here is a more complete and comprehensive review and as such the
choice is made to include as many results as possible to illustrate the progress on
the matter. Any proofs (which are rather long) are omitted, for this matter, and the
reader is referred to the relative article accordingly.
2 Fractional Calculus
Here we introduce some basic definitions of fractional calculus [14, 15] and recall
some results that we need in the sequel.
Definition 1. (Riemann-Liouville fractional integral) Letα ≥ 0 and f be a real func-
tion defined on [a,b]. The Riemann-Liouville fractional integral of order α is de-
fined by (I0 f )(x) = f (x) and
(Iα f )(t) =
1
Γ (α)
∫ t
a
(t− s)α−1 f (s)ds, α > 0, t ∈ [a,b]
provided the right hand side is point-wise defined on [0,∞), whereΓ (α) is the Euler
Gamma function: Γ (α) =
∫ ∞
0
tα−1e−tdt.
Definition 2. (Riemann-Liouville fractional derivative) The Riemann-Liouville frac-
tional derivative of order α ≥ 0 is defined by (D0 f )(t) = f (t) and
(Dα f )(t) = (Dm Im−α f )(t) for α > 0,
where m is the smallest integer greater than or equal to α.
Definition 3. (Caputo fractional derivative) The Caputo fractional derivative of or-
der α ≥ 0 is defined by (CD0 f )(t) = f (t) and
(CDα f )(t) = (Im−αDm f )(t) for α > 0,
where m is the smallest integer greater than or equal to α.
Notice that the differential operators of arbitrary order are nonlocal in nature and
appear in the mathematical modeling of several real world phenomena due to this
characteristic (see e.g. [14]).
If f ∈C([a,b],R), then the Riemann-Liouville fractional integral of order γ > 0
exists on [a,b]. On the other hand, following [14, Lemma 2.2, p. 73], we know
that the Riemann-Liouville fractional derivative of order γ ∈ [n− 1,n) exists al-
most everywhere (a.e.) on [a,b] if f ∈ ACn([a,b],R), where Ck([a,b],R) (k =
0,1, . . .) denotes the set of k times continuously differentiable mappings on [a,b],
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AC([a,b],R) is the space of functions which are absolutely continuous on [a,b] and
AC(k)([a,b],R) (k = 1, . . .) is the space of functions f such that f ∈Ck−1([a,b],R)
and f (k−1) ∈ AC([a,b],R). In particular, AC([a,b],R) = AC1([a,b],R). (We recall
here that AC([a,b],R) is the space of of functions f which are absolutely contin-
uous on [a,b], and ACn([a,b],R) the space of functions f which have continuous
derivatives up to order n− 1 on [a,b] such that f (n−1)(t) ∈ AC([a,b],R)).
Now we enlist some important results involving fractional order operators [14].
Proposition 1. Let f be a continuous function on some interval J and p,q> 0. Then
(I p Iq f )(t) = (I p+q f )(t) = (Iq I p f )(t) on J.
Proposition 2. Let f be a continuous function on some interval I and α ≥ 0. Then
(Dα Iα f )(t) = f (t) on I,
with D being the Riemann-Liouville or Caputo fractional derivative operator.
Proposition 3. The general solution of the following fractional differential equation
(Dqy)(t) = f (t), t > a, 0< q≤ 1,
is y(t) = c(t− a)q−1+(Iq f )(t), c ∈R.
Proposition 4. The general solution of the following fractional differential equation
(CDqy)(t) = f (t), t > a, 0< q≤ 1,
is y(t) = c+(Iq f )(t), c ∈ R.
3 Lyapunov-type inequalities for fractional differential equations
with different boundary conditions
Lyapunov-type inequalities involving fractional differential operators have been
investigated by many researchers in the recent years. In 2013, Ferreira [16] derived
a Lyapunov-type inequality for Riemann-Liouville fractional differential equation
with Dirichlet boundary conditions:{
Dαy(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y(b) = 0,
(9)
where Dα is the Riemann-Liouville fractional derivative of order 1 < α ≤ 2 and
q : [a,b]→ R is a continuous function.
An appropriate approach for obtaining the Lyapunov inequality within the frame-
work of fractional differential equations relies on the idea of converting the bound-
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ary value problem into an equivalent integral equation and then finding the maxi-
mum value of its kernel function (Green’s function).
It is straightforword to show that the boundary value problem (9) is equivalent to
the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (10)
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(b− s)α−1(t− a)α−1
(b− a)α−1
, a≤ t ≤ s≤ b,
(b− s)α−1(t− a)α−1
(b− a)α−1
− (t− s)α−1, a≤ s≤ t ≤ b.
(11)
Observe that the Green’s function (11) satisfies the following properties:
(i) G(t,s)≥ 0, ∀t,s ∈ [a,b];
(ii) max
s∈[a,b]
G(t,s) = G(s,s),s ∈ [a,b];
(iii)G(s,s) has a unique maximum, given by
max
s∈[a,b]
G(s,s) = G
(a+ b
2
,
a+ b
2
)
=
1
Γ (α)
(b− a
4
)α−1
.
The Lyapunov inequality for problem (9) can be expressed as follows.
Theorem 2. If y is a nontrivial solution of the boundary value problem (9), then
∫ b
a
|q(s)|ds> Γ (α)
( 4
b− a
)α−1
. (12)
Here we remark that Lyapunov’s standard inequality (6) follows by taking α = 2 in
the above inequality. Also, inequality (12) can be used to determine intervals for the
real zeros of the Mittag-Leffler function:
Eα(z) =
∞
∑
k=1
zk
Γ (kα +α)
, z ∈ C, R(α)> 0.
For the sake of convenience, let us consider the following fractional Sturm-
Liouville eigenvalue problem (with a= 0 and b= 1):{
CDαy(t)+λy(t) = 0, 0< t < 1,
y(0) = y(1) = 0.
(13)
By Theorem 2, if λ ∈ R is an eigenvalue of (13), that is, if λ is a zero of equation
Eα(−λ ) = 0, then |λ | > Γ (α)4
α−1. Therefore the Mittag-Leffler function Eα(z)
has no real zeros for |z| ≤ Γ (α)4α−1.
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In 2014, Ferreira [17] replaced the Riemann-Liouville fractional derivative in
problem (9) with Caputo fractional derivativeCDα and derived the followingLyapunov-
type inequality for the resulting problem:
∫ b
a
|q(s)|ds>
Γ (α)αα
[(α − 1)(b− a)]α−1
. (14)
In 2015, Jleli and Samet [18] considered the fractional differential equation
CDαy(t)+ q(t)y(t) = 0, 1< α ≤ 2, a< t < b, (15)
associated with the mixed boundary conditions
y(a) = 0= y′(b) (16)
or
y′(a) = 0= y(b). (17)
An integral equation equivalent to problem (15)-(16) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (18)
where G(t,s) is again the Green’s function defined by
G(t,s) =
H(t,s)
Γ (α)(b− s)2−α
,
and
H(t,s) =
{
(α − 1)(t−α), a≤ t ≤ s≤ b,
(α − 1)(t−α)− (t− s)α−1(b− s)2−α , a≤ s≤ t ≤ b.
(19)
The function H satisfies the following inequality:
|H(t,s)| ≤max{(2−α)(b− s),(α− 1)(s− a)} for all (t,s) ∈ [a,b]× [a,b].
In relation to problem (15)-(16), we have the following Lyapunov-type inequal-
ity.
Theorem 3. If y is a nontrivial solution of the boundary value problem (15)-(16),
then ∫ b
a
(b− s)α−2|q(s)|ds>
Γ (α)
max{α− 1,2−α}(b− a)
. (20)
In a similar manner, the Lyapunov-type inequality obtained for the boundary value
problem (15)-(17) is ∫ b
a
(b− s)α−1|q(s)|ds> Γ (α). (21)
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As an application of Lyapunov-type inequalities (20) and (21), we can obtain the
intervals, where certain Mittag-Leffler functions have no real zeros.
Corollary 1. Let 1< ν ≤ 2. Then the Mittag-Leffler function Eα(z) has no real zeros
for
z ∈
(
−Γ (α)
(α − 1)
max{α − 1,2−α}
,0
]
.
The proof of the above corollary follows by applying inequality (20) to the following
eigenvalue problem {
(CDαy)(t)+λy(t) = 0, 0< t < 1,
y(0) = y′(1) = 0.
(22)
Moreover, by applying inequality (21) to the following eigenvalue problem{
(CDαy)(t)+λy(t) = 0, 0< t < 1,
y′(0) = y(1) = 0,
(23)
we can obtain the following result:
Corollary 2. Let 1< ν ≤ 2. Then the Mittag-Leffler function Eα(z) has no real zeros
for
z ∈ (αΓ (α),0].
In 2015, Jleli et al. [19] obtained a Lyapunov-type inequality:
∫ b
a
(b− s)α−2(b− s+α −1)|q(s)|ds ≥
(b−a+2)Γ (α)
max{b− a+1, ((2−α)/(α −1))(b− a)−1}
, (24)
for the following problem with Robin boundary conditions{
CDαy(t)+ q(t)y(t) = 0, 1< α ≤ 2, a< t < b,
y(a)− y′(a) = y(b)+ y′(b) = 0,
(25)
where q : [a,b]→R is a continuous function.
Using the Lyapunov-type inequality (24), we can find an interval, where a linear
combination of Mittag-Leffler functions Eα ,β =
∞
∑
k=0
zk
Γ (kα +β )
, α > 0,β > 0, z ∈
C has no real zeros. In precise terms, we have the following result.
Theorem 4. Let a< α ≤ 2. Then Eα ,2(z)+Eα ,1(z)+ zEα ,α (z) has no real zeros for
z ∈
(
−3αΓ (α)
(1+α)max{2,((2−α)/(α− 1)− 1}
,0
]
.
In 2015, Rong and Bai [20] considered a boundary value problems with frac-
tional boundary conditions:
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CDαy(t)+ q(t)y(t) = 0, 1< α ≤ 2, a< t < b,
y(a) = 0, CDβ y(b) = 0, 0< β ≤ 1,
(26)
where q : [a,b]→R is a continuous function. The Lyapunov-type inequality derived
for problem (26) is
∫ b
a
(b− s)α−β−1|q(s)|ds >
(b−a)−β
max
{ 1
Γ (α)
−
Γ (2−β )
Γ (α −β )
,
Γ (2−β )
Γ (α −β )
,
2−α
α −1
·
Γ (2−β )
Γ (α −β )
} . (27)
Later, Jleli and Samet [21] obtained a Lyapunov-type inequality for a boundary
value problems with Sturm-Liouville boundary conditions{
CDαy(t)+ q(t)y(t) = 0, 1< α ≤ 2, a< t < b,
py(a)− ry′(a) = y(b) = 0, p> 0,r ≥ 0,
(28)
where q : [a,b]→R is a continuous function. The integral equation equivalent to the
problem (28) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (29)
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(r/p+ t− a)
r/p+ b− a
(b− s)α−1, a≤ t ≤ s≤ b,
(r/p+ t− a)
r/p+ b− a
(b− s)α−1− (t− s)α−1, a≤ s≤ t ≤ b.
(30)
In order to estimate this Green’s function, we distinguish two cases:
(i) If
r
p
>
b− a
α − 1
, then 0≤ G(t,s)≤ G(s,s), (t,s) ∈ [a,b]× [a,b] with
max
s∈[a,b]
G(t,s) =
1
Γ (α)
(r/p)(b− a)α−1(
r/p+ b− a
) .
(ii) If 0≤
r
p
≤
b− a
α − 1
, then Γ (α)G(t,s) ≤max{A (α,r/p),B(α,r/p)}, where
A (α,r/p) =
(b− a)α−1
(r/p+ b− a)
(( (b− a)α−1
(r/p+ b− a)(α− 1)α−1
) 1
α−2
(2−α)−
r
p
)
,
B(α,r/p) =
( r
p
+ b− a
)α−1 (α − 1)α− 1
αα
.
The Lyapunov inequalities corresponding to the above cases are given in the follow-
ing result.
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Theorem 5. If there exists a nontrivial continuous solution of the fractional bound-
ary value problem (28), then
(i)
∫ b
a
|q(s)|ds>
(
1+
p
r
(b− a)
) Γ (α)
(b− a)α−1
when p> 0,
r
p
>
b− a
α − 1
; (31)
(ii)
∫ b
a
|q(s)|ds >
Γ (α)
max{A (α , r/p),B(α , r/p)}
when p> 0, 0≤
r
p
≤
b−a
α −1
. (32)
Using the above Lyapunov-type inequalities, we can find intervals, where linear
combinations of some Mittag-Leffler functions have no real zeros.
Corollary 3. Let 1 < α < 2, p > 0,
r
p
>
1
α − 1
. Then the linear combination of
Mittag-Leffler functions given by
pEα ,2(z)+ qrEα ,1(z)
has no real zeros for
z ∈
(
−
(
1+
p
r
)
Γ (α),0
]
.
This corollary can be established by considering the following fractional Sturm-
Liouville eigenvalue problem:{
CDαy(t)+λy(t) = 0, 0< t < 1,
py(0)− ry′(0) = y(1) = 0.
We can apply the foregoing Lyapunov-type inequalities to study the nonexistence
of solutions for certain fractional boundary value problems. For example, the prob-
lem (28) with p = 1,r = 2,a = 0,b = 1,3/2< α < 2, has no nontrivial solution if∫ 1
0 |q(s)|ds <
3
2
Γ (α). As a second example, there is no nontrivial solution for the
problem (28) with p= 2,r = 1,a= 0,b= 1,1< α < 2, provided that
∫ 1
0
|q(s)|ds<
Γ (α)
max{A (α,1/2),B(α,1/2)}
.
In 2015, O’Regan and Samet [22] obtained a Lyapunov-type inequality for the
fractional boundary value problem:{
Dαy(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y′(a) = y′′(a) = y′′(b) = 0,
(33)
whereDα is the standard Riemann-Liouville fractional derivative of fractional order
3< α ≤ 4 and q : [a,b]→R is a continuous function.
The integral equation associated with problem (33) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (34)
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where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(t− a)α−1(b− s)α−3
(b− a)α−3
, a≤ t ≤ s≤ b,
(t− a)α−1(b− s)α−3
(b− a)α−3
− (t− s)α−1, a≤ s≤ t ≤ b.
(35)
The Green’s function defined in (35) satisfies the following inequality:
0≤ G(t,s)≤G(b,s) =
(b− s)α−3(s− a)(2b− a− s)
Γ (α)
, (t,s) ∈ [a,b]× [a,b].
The Lyapunov inequality for the problem (33) is as follows.
Theorem 6. If there exists a nontrivial continuous solution of the fractional bound-
ary value problem (33), then
∫ b
a
(b− s)α−3(s− a)(2b− a− s)|q(s)|ds≥ Γ (α). (36)
To demonstrate an application of the above inequality, we consider the eigenvalue
problem: {
Dαy(t)+λy(t) = 0, 0< t < 1, 3< α ≤ 4,
y(0) = y′(0) = y′′(0) = y′′(1) = 0.
(37)
Corollary 4. If λ is an eigenvalue of the problem (37), then
|λ | ≥
Γ (α)
2B(2,α− 2)
,
where B is the beta function defined by B(x,y) =
∫ 1
0
sx−1(1− s)y−1ds, x,y> 0.
Sitho et al. [23] established some Lyapunov-type inequalities for the following
hybrid fractional boundary value problem

Dαa
[
y(t)
f (t,y(t))
−
n
∑
i=1
Iβa hi(t,y(t))
]
+ g(t)y(t) = 0, t ∈ (a,b),
y(a) = y′(a) = y(b) = 0,
(38)
where Dαa denotes the Riemann-Liouville fractional derivative of order α ∈ (2,3]
starting from a point a, the functions g ∈ L1((a,b],R), f ∈C1([a,b]×R,R \ {0}),
hi ∈C([a,b]×R,R), ∀i= 1,2, . . . ,n and I
β
a is the Riemann-Liouville fractional in-
tegral of order β ≥ α with the lower limit at the point a. We consider two cases: (I)
hi = 0, i= 1,2, . . . ,n and (II) hi 6= 0, i= 1,2, . . . ,n.
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Case I: hi = 0, i= 1,2, . . . ,n. We consider the problem (38) with hi(t, ·) = 0 for
all t ∈ [a,b]. For α ∈ (2,3], we first construct the Green’s function for the following
boundary value problem

Dαa
[
y(t)
f (t,y(t))
]
+ g(t)y(t) = 0, t ∈ (a,b),
y(a) = y′(a) = y(b) = 0,
(39)
with the assumption that f is continuously differentiable and f (t,y(t)) 6= 0 for all
t ∈ [a,b].
Let y ∈ AC([a,b],R) be a solution of the problem (39). Then the function y satis-
fies the following integral equation
y= f (t,y)
∫ b
a
G(t,s)g(s)y(s)ds, (40)
where G(t,s) is the Green’s function defined by (11) and satisfies the following
properties:
(i) G(t,s)≥ 0, ∀t,s ∈ [a,b].
(ii) G(t,s)≤ H(s) :=
(b− s)α−1
Γ (α − 1)
.
(iii) max
s∈[a,b]
H(s) =
(b− a)α−1
Γ (α − 1)
.
Theorem 7. The necessary condition for existence of a nontrivial solution for the
boundary value problem (39) is
Γ (α − 1)
‖ f‖
≤
∫ b
a
(b− s)α−1|g(s)|ds, (41)
where ‖ f‖= sup
t∈[a,b],y∈R
| f (t,y)|.
Case II: hi 6= 0, i= 1,2, . . . ,n.
Let y ∈ AC[a,b] be a solution of the problem (38). Then the function y can be
written as
y(t) = f (t,y(t))
[∫ b
a
G(t,s)g(s)y(s)ds−
n
∑
i=1
∫ b
a
G∗(t,s)hi(s,y(s))ds
]
, (42)
where G(t,s) is defined as in (11) and G∗(t,s) is defined by
G∗(t, s) =
1
Γ (β )


(b− s)β−1(t−a)α−1
(b−a)α−1
− (t− s)β−1, a≤ s≤ t ≤ b,
(b− s)β−1(t−a)α−1
(b−a)α−1
, a≤ t ≤ s≤ b.
(43)
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The Green’s function G∗(t,s), which is given by (43), satisfies the following
inequalities:
(i) G∗(t,s) ≥ 0, ∀t,s ∈ [a,b];
(ii) G∗(t,s)≤ J(s) :=
(α − 1)(b− s)β−1
Γ (β )
.
Also we have
(iii) max
s∈[a,b]
J(s) =
(α − 1)(b− a)β−1
Γ (β )
.
Theorem 8. Assume that |hi(t,y(t))| ≤ |xi(t)||y(t)|, where xi ∈ C([a,b],R), i =
1,2, . . . ,n and [a,b] = [0,1]. The necessary condition for existence of a nontrivial
solution for the problem (38) on [0,1] is
Γ (α − 1)
(
1
‖ f‖
−
(α − 1)
Γ (β + 1)
n
∑
i=1
‖xi‖
)
≤
∫ 1
0
(1− s)α−1|g(s)|ds. (44)
In 2016, Al-Qurashi and Ragoub [24] obtained a Lyapunov-type inequality for a
boundary value problem with integral boundary condition

CDαy(t)+ q(t)y(t) = 0, a< t < b,
y(a)+ µ
∫ b
a
y(s)q(s)ds= y(b),
(45)
where CDα is the Caputo fractional derivative of order 0 < α ≤ 1, q : [a,b]→ R is
a continuous function, a,b are consecutive zeros of the solution y and µ is positive.
The function y ∈C([a,b],R) is a solution of the boundary value problem (45) if
and only if y satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (46)
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(b− s)α−1
µ(b− a)
−
(b− s)α
(b− a)α
, a≤ t ≤ s≤ b,
(b− s)α−1
µ(b− a)
−
(b− s)α
(b− a)α
− (t− s)α−1, a≤ s≤ t ≤ b,
(47)
and satisfies the following properties:
(i) G(t,s)≥ 0, for all a≤ t,s≤ b;
(ii) maxt∈[a,b]G(t,s) = G(b,s), s ∈ [a,b];
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(iii) G(b,s) has a unique maximum given by max
s∈[a,b]
G(b, s) =
α(b−a+µ)(αµ +1)α−1
Γ (α)µα(b−a)
,
provident 0< µ(b− a)< α.
We describe the Lyapunov’s inequality for the problem (45) as follows.
Theorem 9. The boundary value problem (45) has a nontrivial solution provided
that the real and continuous function q satisfies the following inequality
∫ b
a
|q(s)|ds>
Γ (α)µα (b− a)
α(b− a+ µ)(αµ+ 1)α−1
. (48)
In 2016, Fereira [25] obtained a Lyapunov-type inequality for a sequential frac-
tional boundary value problem{
(DαDβ y)(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y(b) = 0,
(49)
where Dδ , δ = α,β stands for the Riemann- Liouville fractional derivative and
q : [a,b]→R is a continuous function. Assuming that (49) has a nontrivial solution
y ∈C[a,b] of the form
y(t) = c
Γ (α)
Γ (α +β )
(t− a)α+β−1− (Iα+βqy)(t),
it follows by Proposition 2.6 and the fact Iβ (t − a)α−1 =
Γ (α)
Γ (α +β )
(t − a)α+β−1
that y′ is integrable in [a,b]. Then, as argued in ([14, Section 2.3.6-2.3.7]), we have
(DαDβ y)(t) = (Dα+β y)(t).
The following result is therefore an immediate consequence of Theorem 2.
Theorem 10. (Riemmann-Liouville Case) Let 0 < α,β ≤ 1 with 1 < α +β ≤ 2. If
there exists a nontrivial continuous solution of the fractional boundary value prob-
lem (49), then ∫ b
a
|q(s)|ds> Γ (α +β )
( 4
b− a
)α+β−1
. (50)
As an application we consider the following sequential fractional differential
equation
(DαDαy)(t)+λ 2y(t) = 0, λ ∈R, t ∈ (0,1),
1
2
< α ≤ 1. (51)
The fundamental set of solutions to (51) is
{cosα(λ t),sinα(λ t)},
where
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cosα(λ t) =
∞
∑
j=0
(−1) jλ 2 j
t(2 j+1)α−1
Γ ((2 j+1)α)
and sinα (λ t) =
∞
∑
j=0
(−1) jλ 2 j+1
t( j+1)2α−1
Γ (( j+1)2α)
.
Therefore the general solution of (51) can be written as
y(t) = c1 cosα(λ t)+ c2 sinα(λ t), c1,c2 ∈ R.
Now, the nontrivial solutions of (51) for which the boundary conditions y(0) = 0=
y(1) hold, satisfy sinα(λ ) = 0, where λ is a real number different from zero (the
eigenvalue of the problem). By Theorem 10, the following inequality then holds
λ 2 > Γ (2α)42α−1,
which can alternatively be expressed in form of the following result.
Corollary 5. Let
1
2
< α ≤ 1. If
|t| ≤
√
Γ (2α)42α−1, t 6= 0,
then sinα(t) has no real zeros.
In [25], Fereira replaced the Riemmann-Liouville fractional derivative in the
problem (49) with the Caputo fractional derivative and obtained the following
Lyapunov-type inequality:
∫ b
a
|q(s)|ds>
Γ (α +β )
(b− a)α+β−1
(α + 2β − 1)α+2β−1
(α +β − 1)α+β−1β β
. (52)
In 2016, Al-Qurashi and Ragoub [26] obtained a Lyapunov-type inequality for a
fractional boundary value problem:{
Dαy(t)+ q(t)y(t) = 0, 1< t < e,
y(a) = y(b) = y′′(a) = y′′(b) = 0,
(53)
whereDα is the standard Riemann-Liouville fractional derivative of order 3<α ≤ 4
and q : [a,b]→R is a continuous function.
The function y ∈C([a,b],R) is a solution of the boundary value problem (53) if
and only if y satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (54)
where G(t,s) is the Green’s function defined by
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G(t, s) =
1
Γ (α)


−(t−a)(b− s)α−1
+
α(α−1)(b−a)(b− s)α−3
6
(t−a)
[
1−
(t−a)2
(b−a)2
]
, a≤ t ≤ s≤ b,
(t− s)α−1− (t−a)(b− s)α−1
+
α(α−1)(b−a)(b− s)α−3
6
(t−a)
[
1−
(t−a)2
(b−a)2
]
, a≤ s≤ t ≤ b,
(55)
and satisfies the relation:
0≤ G(t,s)≤ G(b,s) =
(1− (b− a))(b− a)α−1
Γ (α)
, (t,s) ∈ [a,b]× [a,b].
The Lyapunov-type inequality for the problem (53) is given in the following
result.
Theorem 11. If there exists a nontrivial continuous solution to the fractional bound-
ary value problem (53), then
∫ b
a
|q(s)|ds>
Γ (α)
(1− (b− a))(b− a)α−1
. (56)
In order to illustrate Theorem 11, we apply the Lyapunov-type inequality (56) to
find a bound for λ so that the following eigenvalue problem has a nontrivial solution:

Dαy(t)+λy(t) = 0, 0< t < 1
2
, 3< α ≤ 4,
y(1) = y
(1
2
)
= y′′(1) = y′′
(1
2
)
= 0.
(57)
Corollary 6. If λ is an eigenvalue of the fractional boundary value problem (57),
then the following inequality holds
|λ | ≥
Γ (α)
2−α
.
In 2016, Dhar et al. [27] derived Lyapunov-type inequalities for the following
boundary value problem{
Dαy(t)+ q(t)y(t) = 0, a< t < b, 1< α ≤ 2,
Dα−2y(a) = Dα−2y(b) = 0,
(58)
where Dα is the Riemann-Liouville fractional derivative of order α (1 < α ≤ 2),
q ∈ L([a,b],R). Their main result on fractional Lyapunov-type inequalities is the
following.
Theorem 12. (a) If the problem (58) has a nontrivial solution, then
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max
t∈[a,b]
{∫ b
a
|D2−α [G(t,s)q(s)]|ds
}
> 1,
where D2−α [G(t,s)q(s)] is the right-sided fractional derivative of G(t,s)q(s)
with respect to s with
G(t,s) =
1
b− a


(t− a)(b− s), a≤ t ≤ s≤ b,
(s− a)(b− t), a≤ s≤ t ≤ b.
(b) If problem (58) has a nontrivial solution and Dα−2y(t) 6= 0 on (a,b), then
max
t∈[a,b]
{∫ b
a
[
D2−α [G(t,s)q(s)]
]
+
ds
}
> 1,
where D2−α [G(t,s)q(s)]+ is the the positive part of D
2−α [G(t,s)q(s)].
As a special case we have the following corollary.
Corollary 7. Assume that D2−αb− [G(t,s)q(s)] ≥ 0 for t,s ∈ [a,b] so that the problem
(58) has a nontrivial solution. Then
∫ b
a
q+(t)dt >
ααΓ (α − 1)
(α − 1)α−1(b− a)α−1
.
Next we consider the sequential fractional boundary value problem

[(
D
β
a+(D
αy)
)]
(t)+ q(t)y(t) = 0, a< t < b, 0< α,β ≤ 1,
(Dα−1y)(a+) = (Dα−1y)(b) = 0,
(59)
which is equivalent to the integral equation
y(t) =
∫ b
a
G(t,s)q(s)D1−αa+ y(s)ds,
where
G(t,s) =
1
Γ (β + 1)


(t− a)β (b− s)β
(b− a)β
, a≤ t ≤ s≤ b,
(t− a)β (b− s)β
(b− a)β
− (t− s)β , a≤ s≤ t ≤ b.
In the following result, we express the fractional Lyapunov-type inequalities for
problem (59).
Theorem 13. (a) If problem (59) has a nontrivial solution, then
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max
t∈[a,b]
{∫ b
a
|D1−α [G(t,s)q(s)]|ds
}
> 1.
(b) If problem (59) has a nontrivial solution and (Dα−1a+ y)(t) 6= 0 on (a,b), then
max
t∈[a,b]
{∫ b
a
[
D1−α [G(t,s)q(s)]
]
+
ds
}
> 1.
As a special case we have the following corollary.
Corollary 8. Assume that D1−α [G(t,s)q(s)]≥ 0 for t,s ∈ [a,b], 1< α +β ≤ 2 and
the problem (59) has a nontrivial solution. Then
∫ b
a
q+(t)dt >
(α + 2β − 1)α+2β−1Γ (α)Γ (β + 1)
(α +β − 1)α+β−1β β (b− a)α+β−1
.
For some similar results on fractional boundary value problems of order α ∈
(2,3], see [28].
In 2017, Jleli et al. [29] obtained Lyapunov-type inequality for higher order frac-
tional boundary value problem{
Dαy(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y′(a) = . . .= y(n−2)(a) = 0, y(b) = Iα(yh)(b),
(60)
where n∈N,n−1<α < n,Dα is the standard Riemann-Liouville fractional deriva-
tive of order α, Iα denotes the Riemann-Liouville fractional integral of order α, and
q,h : [a,b]→R are continuous functions.
The function y is a solution of the boundary value problem (60) if and only if y
satisfies the integral equation
y(t) =
∫ b
a
G(t,s)(q(s)+ h(s))y(s)ds+
1
Γ (α)
∫ t
a
(t− s)α−1h(s)y(s)ds, (61)
where G(t,s) is the Green’s function given by (11) such that
0≤ G(t,s)≤ G(s∗,s) =
(s− a)α−1(b− s)α−1
Γ (α)(b− a)α−1
[
1−
(
b−s
b−a
) α−1
α−2
]α−2 , a< s< b,
with
s∗ =
s− a
(
b−s
b−a
) α−1
α−2
1−
(
b−s
b−a
) α−1
α−2
.
The following result presents the Lyapunov-type inequality for problem (60).
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Theorem 14. Let n ∈ N with n ≥ 3. If y is a nontrivial solution of the fractional
boundary value problem (60), then
∫ b
a
(
|q(s)+h(s)|+
(
1− z
α−1
α−2
α
)α−2
zα−1α (1− zα )α−1
|h(s)|
)
ds≥
Γ (α)
(b−a)α−1
(
1− z
α−1
α−2
α
)α−2
zα−1α (1− zα )α−1
, (62)
where zα is the unique zero of the nonlinear algebraic equation
z
2α−3
α−2 − 2z+ 1= 0
in the interval
(
0,
(
2α−4
2α−3
) α−2
α−1
)
.
Theorem 15. Let n= 2. If y is a nontrivial solution of the fractional boundary value
problem {
Dαy(t)+ q(t)y(t) = 0, a< t < b,
y(a) = 0, y(b) = Iα(hy)(b),
(63)
then ∫ b
a
(
|q(s)+ h(s)|+ 4α−1h(s)|
)
ds≥ Γ (α)
( 4
b− a
)α−1
. (64)
In 2017, Cabrera et al. [30] obtained a Lyapunov-type inequality for a sequential
fractional boundary value problem{
CDαy(t)+ q(t)y(t) = 0, a< t < b, α ∈ (n− 1,n], n≥ 4,
yi(a) = y′′(b) = 0, 0≤ i≤ n− 1, i 6= 2,
(65)
where CDα is the Caputo fractional derivative of fractional order α ≥ 0 and q :
[a,b]→R is a continuous function.
The function y ∈C([a,b],R) is a solution of the boundary value problem (65) if
and only if it satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (66)
where G(t,s) is the Green’s function defined by
G(t, s) =
1
Γ (α)


1
2
(α −1)(α −2)(t−a)2(b− s)α−3− (t− s)α−1, a≤ s≤ t ≤ b,
1
2
(α −1)(α −2)(t−a)2(b− s)α−3, a≤ t ≤ s≤ b,
(67)
such that G(t,s)≥ 0 for t,s ∈ [a,b], |G(t,s)| ≤ G(b,s) for t,s ∈ [a,b] and
|G(t, s)| ≤ G(b, s) =
1
2
(α −1)(α −2)(b−a)2(b− s)α−3− (b− s)α−1, (t, s) ∈ [a,b]× [a,b].
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Their result is as follows.
Theorem 16. If there exists a nontrivial continuous solution of the fractional bound-
ary value problem (65), then
∫ b
a
[1
2
(α − 1)(α− 2)(b− a)2(b− s)α−3− (b− s)α−1
]
|q(s)|ds≥ Γ (α). (68)
In 2017, Wang et al. [31] obtained a Lyapunov-type inequality for the higher
order fractional boundary value problem{
Dαy(t)+ q(t)y(t) = 0, a< t < b,
y(a) = y′(a) = . . .= y(n−2)(a) = 0, y(n−2)(b) = 0,
(69)
where n ∈ N,2 < n− 1 < α ≤ n, Dα is the standard Riemann-Liouville fractional
derivative of order α, and q : [a,b]→R is a continuous function.
The function y is a solution of the boundary value problem (69) if and only if y
satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where G(t,s) is the Green’s function given by
G(t,s) =
1
Γ (α)


(t− a)α−1(b− s)α−n+1
(b− a)α−n+1
, a≤ t ≤ s≤ b,
(t− a)α−1(b− s)α−n+1
(b− a)α−n+1
− (t− s)α−1, a≤ s≤ t ≤ b,
such that
0≤G(t,s)≤G(b,s) =
(b− s)α−n+1(s− a)
Γ (α)
n−2
∑
i=1
(−1)i−1Cin−2(b−a)
n−2−i(s−a)i−1,
(t,s) ∈ [a,b]× [a,b] andCin−2 is the binomial coefficient.
Their Lyapunov-type inequality for the problem (69) is given in the following
theorem.
Theorem 17. If there exists a nontrivial continuous solutions y of the fractional
boundary value problem (69), and q is a real continuous function, then
∫ b
a
(b− s)α−n+1(s− a)
n−2
∑
i=1
(−1)i−1Cin−2(b− a)
n−2−i(s− a)i−1|q(s)|ds≥ Γ (α).
Corollary 9. If the fractional boundary value problem (69) has a nontrivial contin-
uous solution, then
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∫ b
a
|q(s)|ds≥
Γ (α)(α − n+ 2)α−n+2
(n− 2)(α− n+ 1)α−n+1(b− a)α−1
.
The following result shows the application of the above Lyapunov-type inequal-
ity to eigenvalue problems.
Corollary 10. If λ is an eigenvalue to the fractional boundary value problem{
Dαy(t)+λy(t) = 0, a< t < b,
y(a) = y′(a) = . . .= y(n−2)(a) = 0, y(n−2)(b) = 0,
then
|λ | ≥
Γ (α)(α − n+ 3)(α− n+ 2)
n− 2
.
In 2017, Fereira [32] obtained a Lyapunov-type inequality for so-called anti-
periodic boundary value problem:{
CDαy(t)+ q(t)y(t) = 0, a< t < b,
y(a)+ y(b) = 0= y′(a)+ y′(b),
(70)
where CDα is the Caputo fractional derivative of order 1< α ≤ 2 and q : [a,b]→R
is a continuous function.
Then y∈C([a,b],R) is a solution of the boundary value problem (70) if and only
if it satisfies the integral equation
y(t) =
∫ b
a
(b− s)α−2H(t,s)q(s)y(s)ds, (71)
where H(t,s) is defined by
H(t, s) =
1
Γ (α)


(
−
b−a
4
+
t−a
2
)
(α −1)+
b− s
2
, a≤ t ≤ s≤ b,
(
−
b−a
4
+
t−a
2
)
(α −1)+
b− s
2
−
(t− s)α−1
(b−a)α−2
, a≤ s≤ t ≤ b.
(72)
Here the function H satisfies the following property:
|H(t,s)| ≤
(b− a)(3−α)
4
, (t,s) ∈ [a,b]× [a,b].
The Lyapunov-type inequality for the problem (70) is given in the following
result.
Theorem 18. If (70) admits a nontrivial continuous solution, then
∫ b
a
(b− s)α−2|q(s)|ds≥
4
(b− a)(3−α)
. (73)
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Inequality (73) is useful in finding a bound for the possible eigenvalues of the frac-
tional boundary value problem:{
Dαy(t)+λy(t) = 0, a< t < b,
y(a)+ y(b) = 0= y′(a)+ y′(b),
that is, an eigenvalue λ ∈R satisfies the inequality
|λ |>
4(α− 1)
(b− a)α(3−α)
.
In 2017, Agarwal and Zbekler [33] obtained a Lyapunov-type inequality for the
following fractional boundary value problem with Dirichlet boundary conditions{
(Dαy)(t)+ p(t)|y(t)|µ−1y(t)+ q(t)|y(t)|γ−1y(t) = f (t), a< t < b,
y(a) = 0, y(b) = 0,
(74)
where Dα is the Riemann-Liouville fractional derivative, p,q, f ∈C[t0,∞) and 0 <
γ < 1 < µ < 2. No sign restrictions are imposed on the potentials p and q, and the
forcing term f .
The problem (74) is equivalent to the following integral equation
y(t) =
∫ b
a
G(t,s)[p(s)yµ(s)+ q(s)yγ(s)− f (s)]ds,
where G(t,s) is the Green’s function defined by (11).
Their Lyapunov-type inequality for the problem (74) is as follows.
Theorem 19. Let y be a nontrivial solution of the problem (74). If y(t) 6= 0 in (a,b),
then the inequality
(∫ b
a
[p+(t)+q+(t)]dt
)(∫ b
a
[µ0p
+(t)+ γ0q
+(t)+ | f (t)|]dt
)
>
42α−3Γ 2(α)
(b−a)2α−2
(75)
holds, where u+ =max{u,0},u= p,q and
µ0 = (2− µ)µ
µ/(2−µ)22/(µ−2) > 0, γ0 = (2− γ)γ
γ/(2−γ)22/(γ−2) > 0.
In 2017, Zhang and Zheng [34] considered the Riemann-Liouville fractional dif-
ferential equations with mixed nonlinearities of order α ∈ (n− 1,n] for n≥ 3
(Dαy)(t)+ p(t)|y(t)|µ−1y(t)+ q(t)|y(t)|γ−1y(t) = f (t), (76)
where p,q, f ∈ C([t0,∞),R) and the constants satisfy 0 < γ < 1 < µ < n (n ≥ 3).
Equation (76) subjects to the following two kinds boundary conditions, respectively:
y(a) = y′(a) = y′′(a) = . . .= y(n−2)(a) = y(b) = 0, (77)
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and
y(a) = y′(a) = y′′(a) = . . .= y(n−2)(a) = y′(b) = 0, (78)
where a and b are two consecutive zeros of the function y.
Obviously, it is easy to see that equation (76) has two special forms; one is the
forced sub-linear (p(t) = 0) fractional equation
(Dαy)(t)+ q(t)|y(t)|γ−1y(t) = f (t), 0< γ < 1, (79)
and the other is the forced super-linear (q(t) = 0) fractional equation
(Dαy)(t)+ q(t)|y(t)|γ−1y(t) = f (t), 1< µ < n. (80)
Their Lyapunov-type inequalities for the problems (76)-(77) and (76)-(78) are
respectively the following:
Theorem 20. Let y be a positive solution of the boundary value problem (76)-(77)
in (a,b). Then
(∫ b
a
[(b− s)(s− a)]α−1
[
1−
(
b− s
b− a
) α−1
α−2
]2−α
[µ0p
+(s)+ γ0q
+(s)+ f−(s)]ds
)
×
(∫ b
a
[(b− s)(s− a)]α−1
[
1−
(
b− s
b− a
)α−1
α−2
]2−α
[p+(s)+ q+(s)]ds
)
> [Γ (α)(b− a)α−1]
n
n−1 (n− 1)n
n
1−n ,
where µ0 = (n− µ)µ
µ
n−µ n
n
n−µ and γ0 = (n− γ)γ
γ
n−γ n
n
γ−n .
Theorem 21. Let y be a positive solution of the boundary value problem (76)-(78)
in (a,b). Then(∫ b
a
[(b− s)α−2(s− a)][µ0p
+(s)+ γ0q
+(s)+ f−(s)]ds
)
×
(
[b− s)α−2(s− a)][p+(s)+ q+(s)]ds
) 1
µ−1
> Γ (α)
n
n−1 (n− 1)n
n
1−n ,
where µ0 and γ0 are the same as in Theorem 21.
In 2017, Chidouh and Torres [35] extended the linear term q(t)y(t) to a nonlinear
term of the form q(t) f (y(t)) and obtained a generalized Lyapunov’s inequality for
the fractional boundary value problem{
(Dαy)(t)+ q(t) f (y(t)) = 0, a< t < b, 1< α ≤ 2,
y(a) = y(b) = 0,
(81)
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where Dα is the Riemann-Liouville fractional derivative of order α, f : R+ → R+
is continuous and q : [a,b]→ R+ is a Lebesgue integrable function.
An integral equation equivalent to the Problem (81) is
y(t) =
∫ b
a
G(t,s)q(s) f (y(s))ds,
where G(t,s) is the Green’s function defined by (11) and satisfies the following
properties:
(i) G(t,s)≥ 0, for all (t,s) ∈ [a,b]× [a,b];
(ii) maxt∈[a,b]G(t,s) = G(s,s), s ∈ [a,b];
(iii)G(s,s) has a unique maximum given by max
s∈[a,b]
G(s,s) =
(b− a)α−1
4α−1Γ (α)
.
The Lyapunov-type inequality for the problem (81) is as follows.
Theorem 22. Let q be a real nontrivial Lebesgue integrable function. Assume that
f ∈C(R+,R+) is a concave and nondecreasing function. If the fractional boundary
value problem (81) has a nontrivial solution y, then
∫ b
a
q(s)ds>
4α−1Γ (α)η
(b− a)α−1 f (η)
. (82)
where η =maxt∈[a,b] y(t).
In 2016, Ma [36] obtained a generalized form of Lyapunov’s inequality for the frac-
tional boundary value problem{
(Dαy)(t)+ q(t) f (y(t)) = 0, a< t < b, 1< α ≤ 2,
y(a) = y(b) = y′′(a) = 0,
(83)
where Dα is the Riemann-Liouville fractional derivative of order α, q : [a,b]→R+
is a Lebesgue integrable function and f : R+ → R+ is continuous.
The function y ∈ C([a,b],R) is a solution to the problem (83) if and only if y
satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s) f (y(s))ds,
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(b− s)α−1(t− a)
(b− a)
, a≤ t ≤ s≤ b,
(b− s)α−1(t− a)
(b− a)
− (t− s)α−1, a≤ s≤ t ≤ b.
(84)
The above Green’s function satisfies the following properties:
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(i) G(t,s)≥ 0, for all (t,s) ∈ [a,b]× [a,b];
(ii) For any s ∈ [a,b],
max
t∈[a,b]
G(t,s) = G(t0,s) =
(s− a)(b− s)α−1
Γ (α)(b− a)
+
(α − 2)(b− s)
(α−1)2
α−2
(α − 1)
α−1
α−2 (b− a)
α−1
α−2 Γ (α)
,
where t0 = s+
( (b− s)α−1
(b− a)(α− 1)
) 1
α−2
∈ [s,b];
(iii) max
s∈[a,b]
G(t0,s)≤
(b− a)α−1
Γ (α)
;
(iv) G(t,s)≥
(t− a)(b− t)
(b− a)2
G(t0,s) for all a≤ t,s≤ b.
The following Lyapunov-type inequalities are given in [36].
Theorem 23. Assume that f is bounded by two lines, that is, there exist two positive
constants M and N such that Ny≤ f (y)≤My for any y ∈R+. If (83) has a solution
in E+ = {y ∈ C[a,b],y(t) ≥ 0, for any t ∈ [a,b] and ‖y‖ 6= 0}, then the following
Lyapunov-type inequalities hold:
(i)
∫ b
a
q(s)ds>
Γ (α)
M(b− a)α−1
;
(ii)
∫ b
a
(s− a)2(b− s)αq(s)ds≤
4Γ (α)(b− a)3
N
;
(iii)
∫ b
a
(s− a)(b− s)
α2−α−1
α−2 q(s)ds≤
4Γ (α)(b− a)
3α−2
α−2 (α − 1)
α−1
α−2
(α − 2)N
.
The applications of the above inequalities are given in the following corollaries.
Corollary 11. For any λ ∈ [0,Γ (ν)]∪
( 4Γ (ν)
B(3,ν + 1)
,+∞
)
,where B(x,y)=
∫ 1
0
sx−1(1−
s)y−1ds, x> 0,y> 0, the eigenvalue for the problem{
(Dνy)(t)+λy(t) = 0, 0< t < 1, 2< ν ≤ 3,
y(0) = y(1) = y′′(0) = 0,
(85)
has no corresponding eigenfunction y ∈ E+.
In the next Corollary we obtain an interval in which the Mittag-Leffler function
Eν,2(z) with β = 2,2< ν ≤ 3 has no real zeros.
Corollary 12. Let 2< ν ≤ 3. Then the Mittag-Leffler function Eν,2(z) =
∞
∑
k=0
zk
Γ (kν +2)
has no real zeros for z ∈
(
−∞,−
4Γ (ν)
B(3,ν + 1
,
)
∪ [−Γ (ν),+∞).
In 2017, Ru et al. [37] obtained the Lyapunov-type inequality for the following
fractional Sturm-Liouville boundary value problem
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Dα
0+
(p(t)y′(t))+ q(t)y(t) = 0, 0< t < 1, 1< α ≤ 2,
ay(0)− bp(0)y′(0) = 0, cy(1)+ dp(1)y′(1) = 0,
(86)
where a,b,c,d > 0 Dα is the standard Riemann-Liouville fractional derivative of
order α, p : [0,1]→ (0,∞) and q : [0,1]→ R is a nontrivial Lebesgue integrable
function.
The solution of the boundary value problem (86) in terms of the integral equation
is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where G(t,s) is the Green’s function given by
G(t, s)=
1
ρΓ (α)


[
b+a
∫ t
0
dτ
p(τ)
][
d(1− s)α−1+ c
∫ 1
s
(τ − s)α−1dτ
p(τ)
]
, 0≤ t ≤ s≤ 1,
[
b+a
∫ t
0
dτ
p(τ)
][
d(1− s)α−1+ c
∫ 1
s
(τ − s)α−1dτ
p(τ)
]
−H(t, s), 0≤ s≤ t ≤ 1,
ρ = bc+ ac
∫ 1
0
1
p(τ)
dτ + ad, H(t,s) = a
[
d+ c
∫ 1
t
dτ
p(τ)
]∫ t
0
(τ − s)α−1
p(τ)
dτ.
Further, the above Green’s function G(t,s) satisfies the following properties:
(i) G(t,s)≥ 0 for 0≤ t,s≤ 1;
(ii) The maximum value of G(t,s) is
G= max
0≤t,s≤1
G(t,s) =max{max
s∈[0,1]
G(s,s), max
s∈[0,1]
G(t0(s),s)}, (87)
where
t0(s) = s+
[
ad(1− s)α−1+ ac
∫ 1
s
(τ−s)α−1
p(τ) dτ
ρ
] 1
α−1
.
They obtained the following Lyapunov-type inequality for the problem (86).
Theorem 24. For any nontrivial solutions y of the fractional boundary value prob-
lem (86), the following Lyapunov-type inequality holds:
∫ 1
0
|q(s)|ds>
1
G
,
where G is defined by (87).
In [37], the authors also considered the generalized fractional Sturm-Liouville
boundary value problem:{
Dα
0+
(p(t)y′(t))+ q(t) f (y(t)) = 0, 0< t < 1, 1< α ≤ 2,
ay(0)− bp(0)y′(0) = 0, cy(1)+ dp(1)y′(1) = 0,
(88)
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where f :R→R is a continuous function, and obtained the Lyapunov-type inequal-
ity for this problem as follows.
Theorem 25. Let f is a positive function on R. For any nontrivial solutions y of
the fractional boundary value problem (88), the following Lyapunov-type inequality
will be satisfied ∫ 1
0
|q(s)|ds>
y∗
Gmaxy∈[y∗.y∗] f (y)
,
where G is defined by (87) and y∗ =mint∈[0,1] y(t),y
∗ =maxt∈[0,1] y(t).
4 Lyapunov inequalities for nonlocal boundary value problems
In 2017, Cabrera et al. [38] obtained Lyapunov-type inequalities for a nonlocal
fractional boundary value problem

CDαy(t)+ q(t)y(t) = 0, a< t < b,
y′(a) = 0, βCDα−1y(b)+ y(η) = 0,
(89)
where CDα is the Caputo fractional derivative of fractional order 1 < α ≤ 2, β >
0,a< η < b, β >
(β −η)α−1
Γ (α)
and q : [a,b]→R is a continuous function.
Note that problem (89) is the fractional analogue of the classical nonlocal bound-
ary value problem {
y′′(t)+ q(t)y(t) = 0, 0< t < 1,
y′(0) = 0, βy′(1)+ y(η) = 0, 0< η < 1,
(90)
which represents a thermostat model insulated at t = 0 with a controller dissipating
heat at t = 1 depending on the temperature detected by a sensor at t = η [39].
The function y ∈C([a,b],R) is a solution of the boundary value problem (89) if
and only if y satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (91)
where G(t,s) is the Green’s function defined by
G(t,s) = β +Hη(s)−Ht(s), (92)
for r ∈ [a,b],Hr : [a,b]→ R is
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Hr(s) =


(r− s)α−1
Γ (α)
, a≤ s≤ r ≤ b,
0, a≤ r ≤ s≤ b.
The Green’s function defined in (92) satisfies the relation
|G(t,s)| ≤ β +
(η − a)α−1
Γ (α)
, (t,s) ∈ [a,b]× [a,b].
The Lyapunov-type inequality derived for the problem (89) is given in the fol-
lowing result.
Theorem 26. If there exists a nontrivial continuous solution of the fractional bound-
ary value problem (89), then
∫ b
a
|q(s)|ds>
Γ (α)
βΓ (α)+ (η −α)α−1
. (93)
In 2017, Cabrera et al. [40] obtained a Lyapunov-type inequality for the follow-
ing nonlocal fractional boundary value problem{
(Dαy)(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, y′(b) = βy(ξ ),
(94)
where Dα is the Riemann-Liouville fractional derivative of order α, a < ξ < b,
0≤ β (ξ − a)α−1 < (α − 1)(b− a)α−2, and q : [a,b]→ R is a continuous function.
The unique solution of the nonlocal boundary value problem (94) is given by
y(t) =
∫ b
a
G(t, s)q(s)y(s)ds+
β (t−a)α−1
(α −1)(b−a)α−2−β (ξ −a)α−1
∫ b
a
G(ξ , s)q(s)y(s)ds,
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


(b− s)α−2(t− a)α−1
(b− a)α−2
, a≤ t ≤ s≤ b,
(b− s)α−2(t− a)α−1
(b− a)α−2
− (t− s)α−1, a≤ s≤ t ≤ b.
(95)
The Green’s function defined in (95) satisfies the following properties:
(i) G(t,s)≥ 0, for all (t,s) ∈ [a,b]× [a,b];
(ii) G(t,s) is non-decreasing with respect to the first variable;
(iii) 0≤ G(a,s)≤ G(t,s)≤ G(b,s), (t,s) ∈ [a,b]× [a,b].
Their Lyapunov-type inequality for the problem (94) is expressed as follows.
Theorem 27. If the problem (94) has a nontrivial solution, then
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∫ b
a
|q(s)|ds ≥
Γ (α)(α −1)α−1
(b−a)α−1(α −2)α−2
(
1+
β (b−a)α−1
(α −1)(b−a)α−2−β (ξ −a)α−1
)−1
. (96)
As an application of Theorem 27, we consider the following eigenvalue problem{
Dαy(t)+λy(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0,y′(b) = βy(ξ ),
(97)
where a < ξ < b and 0 ≤ β (ξ − a)α−1 < (α − 1)(b− a)α−2. If λ is an eigenvalue
of problem (97), then
|λ | ≥
α(α − 1)Γ (α)
(b− a)α
(
1+
β (b− a)α−1
(α − 1)(b− a)α−2−β (ξ − a)α−1
)−1
.
This is an immediate consequence of Theorem 27.
Very recently, Y. Wang and Q. Wang [41] obtained Lyapunov-type inequalities
for the fractional differential equations with multi-point boundary conditions

Dαy(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, (Dβ+1y)(b) =
m−2
∑
i=1
bi(D
β y)(ξi),
(98)
where Dα denotes the standard Riemann-Liouville fractional derivative of order α,
α > β +2, 0< β < 1, a< ξ1 < ξ2 < .. . < ξm−2 < b, bi≥ 0(i= 1,2, . . . ,m−2), 0≤
∑m−2i=1 bi(ξi−a)
α−β−1 < (α−β −1)(b−a)α−β−2 and q : [a,b]→R is a continuous
function.
The solution of the boundary value problem (98) in terms of the integral equation
is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds+T (t)
∫ b
a
(m−2
∑
i=1
biH(ξ ,s)q(s)y(s)
)
ds, ,
where G(t,s), H(t,s) and T (t) defined by
G(t,s) =
1
Γ (α)


(t− a)α−1(b− s)α−β−2
(b− a)α−β−2
− (t− s)α−1, a≤ s≤ t ≤ b,
(t− a)α−1(b− s)α−β−2
(b− a)α−β−2
, a≤ t ≤ s≤ b.
H(t,s) =
1
Γ (α)


(t− a)α−β−1(b− s)α−β−2
(b− a)α−β−2
− (t− s)α−β−1, a≤ s≤ t ≤ b,
(t− a)α−β−1(b− s)α−β−2
(b− a)α−β−2
, a≤ t ≤ s≤ b.
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T (t) =
(t− a)α−1
(α −β − 1)(b− a)α−β−2−∑m−2i=1 bi(ξi− a)
α−β−1
, t ≥ a.
Further, the above functions G(t,s) and H(t,s) satisfies the following properties:
(i) G(t,s)≥ 0 for a≤ t,s≤ b;
(ii) G(t,s) is non-decreasing with respect to the first variable;
(iii) 0 ≤ G(a,s) ≤ G(t,s) ≤ G(b,s) = 1Γ (α)(b− s)
α−β−2[(b− a)β+1− (b− s)β+1],
(t,s) ∈ [a,b]× [a,b];
(iv) for any s ∈ [a,b],
max
s∈[a,b]
G(b,s) =
β + 1
α− 1
(α −β − 2
α − 1
)(α−β−2)/(β+1) (b− aα−1
Γ (α)
;
(v) H(t,s)≥ 0 for a≤ t,s≤ b;
(vi) H(t,s) is non-decreasing with respect to the first variable;
(vii) 0 ≤ H(a,s) ≤ H(t,s) ≤ H(b,s) = 1Γ (α) (b− s)
α−β−2(s− a),(t,s) ∈ [a,b]×
[a,b];
(viii)
max
s∈[a,b]
H(b,s) = H(b,s∗) =
(α −β − 2)α−β−2
Γ (α)
(
b− a
α −β − 1
)α−β−1
,
where s∗ =
α −β − 2
α −β − 1
a+
1
α −β − 1
b.
They obtained the following Lyapunov-type inequalities.
Theorem 28. If the fractional boundary value problem

Dαy(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, (Dβ+1y)(b) =
m−2
∑
i=1
bi(D
β y)(ξi),
has a nontrivial solution, where q is a real and continuous function, then
∫ b
a
(b− s)α−β−2
[
(b− a)β+1− (b− s)β+1+
m−2
∑
i=1
biT (b)(s− a)
]
|q(s)|ds≥ Γ (α).
Note that
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Γ (α)
[
G(b,s)+
m−2
∑
i=1
biT (b)H(b,s)
]
≤ Γ (α)
[
max
s∈[a,b]
G(b,s)+
m−2
∑
i=1
biT (b) max
s∈[a,b]
H(b,s)
]
=
β + 1
α − 1
(
α −β − 2
α− 1
)(α−β−2)/(β+1)
(b− a)α−1
+
m−2
∑
i=1
biT (b)(α −β − 2)
α−β−2
(
b− a
α −β − 1
)α−β−1
.
Thus we have
Corollary 13. If the fractional boundary value problem

Dαy(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, (Dβ+1y)(b) =
m−2
∑
i=1
bi(D
β y)(ξi),
has a nontrivial solution, where q is a real and continuous function, then
∫ b
a
|q(s)|ds≥
Γ (α)
β+1
α−1
(
α−β−2
α−1
) α−β−2
β+1
(b−a)α−1+∑m−2i=1 biT (b)(α −β −2)
α−β−2
(
b−a
α−β−1
)α−β−1 .
If β = 0 in Theorem 28 we obtain
Corollary 14. If the fractional boundary value problem

Dαy(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, y′(b) =
m−2
∑
i=1
biy(ξi),
has a nontrivial solution, where q is a real and continuous function, then
∫ b
a
(b− s)α−2(s− a)|q(s)|ds
≥
Γ (α)
1+∑m−2i=1 biT (b)
=
(α −β − 1)(b− a)α−β−2+∑m−2i=1 bi(ξi− a)
α−β−1
(α −β − 1)(b− a)α−β−2−∑m−2i=1 bi(ξi− a)
α−β−1+∑m−2i=1 bi(b− a)
α−1
Γ (α).
If β = 0 in Corollary 13 we have
Corollary 15. If the fractional boundary value problem
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
Dαy(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y′(a) = 0, y′(b) =
m−2
∑
i=1
biy(ξi),
has a nontrivial solution, where q is a real and continuous function, then
∫ b
a
|q(s)|ds
≥
Γ (α)
1+∑m−2i=1 biT (b)
·
(α − 1)α−1
(b− a)α−1(α − 2)α−2
=
(α −β − 1)(b− a)α−β−2−∑m−2i=1 bi(ξi− a)
α−β−1
(α −β − 1)(b− a)α−β−2−∑m−2i=1 bi(ξi− a)
α−β−1+∑m−2i=1 bi(b− a)
α−1
×
Γ (α)(α − 1)α−1
(b− a)α−1(α − 2)α−2
.
5 Lyapunov inequalities for fractional p-Laplacian boundary
value problems
In this section we present Lyapunov-type inequalities for fractional p-Laplacian
boundary value problems.
In 2016, Al Arifi et al. [42] considered the nonlinear fractional boundary value
problem {
Dβ (Φp((D
αy(t)))+ q(t)Φp(y(t)) = 0, a< t < b,
y(a) = y′(a) = y′(b) = 0, Dαy(a) = Dαy(b) = 0,
(99)
where 2 < α ≤ 3, 1 < β ≤ 2, Dα ,Dβ are the Riemann-Liouville fractional deriva-
tives of orders α and β respectively, Φp(s) = |s|
p−2s, p> 1 is p-Laplacian operator
and q : [a,b]→R is a continuous function.
For h ∈C([a,b],R), the linear variant of the problem (99):
{
Dβ (Φp((D
αy(t)))+ h(t) = 0, a< t < b,
y(a) = y′(a) = y′(b) = 0, Dαy(a) = Dαy(b) = 0,
(100)
has the unique solution
y(t) =
∫ b
a
G(t,s)Φq
(∫ b
a
H(s,τ)h(τ)dτ
)
ds,
where
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H(t,s) =
1
Γ (β )


( b− s
b− a
)β−1
(t− a)β−1, a≤ t ≤ s≤ b,
( b− s
b− a
)β−1
(t− a)β−1− (t− s)β−1, a≤ s≤ t ≤ b,
(101)
and G(t,s) is the Green’s function for the boundary value problem{
Dβ y(t)+ h(t) = 0, 2< α ≤ 3, a< t < b,
y(a) = y′(a) = y′(b) = 0,
(102)
which is given by
G(t,s) =
1
Γ (α)


( b− s
b− a
)α−2
(t− a)α−1, a≤ t ≤ s≤ b,
( b− s
b− a
)α−2
(t− a)α−1− (t− s)α−1, a≤ s≤ t ≤ b.
(103)
Observe that the following estimates hold:
(i) 0≤ G(t,s)≤ G(b,s), (t,s) ∈ [a,b]× [a,b],
(ii) 0≤ H(t,s)≤ H(s,s), (t,s) ∈ [a,b]× [a,b].
For the problem (99), the Lyapunov-type inequality is the following:
Theorem 29. Let 2 < α ≤ 3, 1 < β ≤ 2, p > 1, and q ∈C[a,b]. If (99) has a non-
trivial solution, then
∫ b
a
(b− s)β−1(s−a)β−1|q(s)|ds ≥ [Γ (α)]p−1Γ (β )(b−a)β−1
(∫ b
a
(b− s)α−2(s−a)ds
)1−p
.
(104)
Now we present an application of this result to eigenvalue problems.
Corollary 16. Let λ be an eigenvalue of the problem

D
β
0 (Φp(D
α
0+y(t)))+λ Φp(y(t)) = 0, 0< t < 1,
y(0) = y′(0) = y′(1) = 0, Dα0+y(0) = D
α
0+y(1) = 0,
(105)
where 2< α ≤ 3,1< β ≤ 2, p> 1, then
|λ | ≥
Γ (2β )
Γ (β )
(
Γ (α)Γ (α + 1)
Γ (α − 1)
)p−1
.
In particular, for p= 2, that is, for Φp(y(t)) = y(t), the bound on λ takes the form:
|λ | ≥
Γ (α)Γ (α + 1)Γ (2β )
Γ (α − 1)Γ (β )
.
In 2017, Liu et al. [43] considered the nonlinear fractional p-Laplacian boundary
value problem of the form:
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Dβ (Φp(
CDαy(t)))− q(t) f (y(t)) = 0, a< t < b,
y′(a) = CDαy(a) = 0, y(b) = CDαy(b) = 0,
(106)
where 1<α,β ≤ 2, CDα ,Dβ are the Riemann-Liouville fractional derivatives of or-
ders α and β respectively, Φp(s) = |s|
p−2s, p> 1, and q : [a,b]→R is a continuous
function.
An integral equation equivalent to the problem (106) is
y(t) =
∫ b
a
G(t,s)Φq
(∫ b
a
H(s,τ) f (y(τ))dτ
)
ds,
where
G(t,s) =
1
Γ (α)


(b− s)α−1, a≤ t ≤ s≤ b,
(b− s)α−1− (t− s)α−1, a≤ s≤ t ≤ b,
and
H(t,s) =
1
Γ (β )


( s− a
b− a
)β−1
(b− s)β−1, a≤ t ≤ s≤ b,
( s− a
b− a
)β−1
(b− s)β−1− (t− s)β−1, a≤ s≤ t ≤ b.
(107)
Moreover, the following estimates hold:
(i) H(t,s)≥ 0 for all a≤ t,s≤ b;
(ii) maxt∈[a,b]H(t,s) = H(s,s), s ∈ [a,b];
(iii)H(t,s) has a unique maximum given by
max
s∈[a,b]
H(s,s) =
(b− a)β−1
4β−1Γ (β )
;
(iv) 0≤ G(t,s)≤ G(s,s) =
1
Γ (α)
(b− s)α−1 for all a≤ t,s≤ b;
(v) G(t,s) has a unique maximum given by
max
s∈[a,b]
G(s,s) =
1
Γ (α)
(b− a)α−1.
The Lyapunov-type inequalities for the problem (106) are as follows.
Theorem 30. Let p : [a,b]→ R+ be a real Lebesgue function. Suppose that there
exists a positive constant M satisfying 0≤ f (x)≤MΦp(x) for any x ∈ R
+. If (106)
has a nontrivial solution in E+ = {y ∈C[a,b],y(t)≥ 0, for any t ∈ [a,b] and ‖y‖ 6=
0}, then the following Lyapunov inequality holds:
∫ b
a
q(s)ds>
4β−1Γ (β )
M(b− a)β−1
Φp
(Γ (α + 1)
(b− a)α
)
. (108)
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Theorem 31. Let p : [a,b] → R+ be a real Lebesgue function. Assume that f ∈
C(R+,R+) is a concave and nondecreasing function. If (106) has a nontrivial solu-
tion in E+ = {y∈C[a,b],y(t)≥ 0, for any t ∈ [a,b] and ‖y‖ 6= 0}, then the following
Lyapunov inequality holds:
∫ b
a
q(s)ds>
4β−1Γ (β )Φp(Γ (α + 1))Φp(η)
M(b− a)α p+β−α−1 f (η)
, (109)
where η =maxt∈[a,b] y(t).
As an application of the foregoing results, we give the following corollary.
Corollary 17. If λ ∈ [0,4β−1Γ (β )Φp(Γ (α + 1))], then the following eigenvalue
problem {
Dβ (Φp(
CDα0+y(t)))−λ Φp(y(t)) = 0, 0< t < 1,
y′(0) =C Dα = 0, y(1) =C DαDαy(0) = 0,
(110)
has no corresponding eigenfunction y ∈ E+, where 1< α,β ≤ 2, and p> 1.
6 Lyapunov inequalities for boundary value problems with
mixed fractional derivatives
In 2017, Guezane-Lakoud et al. [44] obtained a Lyapunov-type inequality for
the following problem involving both right Caputo and left Riemann-Liouville frac-
tional derivatives: 

−CDαb−D
β
a+y(t)+ q(t)y(t), t ∈ [a,b],
y(a) = D
β
a+y(b) = 0,
(111)
where 0<α,β < 1,1<α+β ≤ 2, CDαb− denotes the right Caputo fractional deriva-
tive, D
β
a+ denotes left Riemann-Liouville fractional derivative, and q : [a,b]→ R
+
is a continuous function.
The left and right Riemann-Liouville fractional integrals of order p > 0 for a
function g : (0,∞)→R are respectively defined by
I
p
a+g(t) =
∫ t
a
(t− s)p−1
Γ (p)
g(s)ds,
I
p
b−g(t) =
∫ b
t
(s− t)p−1
Γ (p)
g(s)ds,
provided the right-hand sides are point-wise defined on (0,∞), where Γ is the
Gamma function.
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The left Riemann-Liouville fractional derivative and the right Caputo fractional
derivative of order p > 0 for a continuous function g : (0,∞)→ R are respectively
given by
D
p
a+g(t) =
dn
dtn
(In−pa+ )(t),
cD
p
b−g(t) = (−1)
nI
n−p
b− g
(n)(t),
where n− 1< p< n.
The function y∈C[a,b] is a solution to the problem (111) if and only if y satisfies
the integral equation
y(t) =
∫ b
a
G(t,s)q(s) f (y(s))ds,
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)Γ (β )


∫ r
a
(t− s)β−1(r− s)α−12, a≤ r ≤ t ≤ b,
∫ t
a
(t− s)β−1(r− s)α−1, a≤ t ≤ s≤ b.
(112)
The above Green’s function satisfies the following properties:
(i) G(t,s)≥ 0, for all a≤ r ≤ t ≤ b;
(ii) maxt∈[a,b]G(t,r) =G(r,r) for all r ∈ [a,b];
(iii) max
r∈[a,b]
G(r,r) =
(b− a)α+β−1
(α +β − 1)Γ (α)Γ (β )
.
The following result describes the Lyapunov inequality for problem (111).
Theorem 32. Assume that 0<α,β < 1 and 1< α +β ≤ 2. If the fractional bound-
ary value problem (111) has a nontrivial continuous solution, then
∫ b
a
|q(r)|dr ≥
(α +β − 1)Γ (α)Γ (β )
(b− a)α+β−1
.
7 Lyapunov inequality for Hadamard type fractional boundary
value problems
Let us begin this section with some fundamental definitions.
Definition 4. [14] The Hadamard derivative of fractional order q for a function g :
[1,∞)→R is defined as
HDqg(t) =
1
Γ (n− q)
(
t
d
dt
)n ∫ t
1
(
log
t
s
)n−q−1 g(s)
s
ds, n−1< q< n, n= [q]+1,
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where [q] denotes the integer part of the real number q and log(·) = loge(·) is the
usual Napier logarithm.
Definition 5. [14] The Hadamard fractional integral of order q for a function g is
defined as
Iqg(t) =
1
Γ (q)
∫ t
1
(
log
t
s
)q−1 g(s)
s
ds, q> 0,
provided the integral exists.
In 2017, Ma et al. [45] obtained a Lyapunov-type inequality for a Hadamard
fractional boundary value problem{
HDαy(t)− q(t)y(t) = 0, 1< t < e,
y(1) = y(e) = 0,
(113)
where HDα is the fractional derivative in the sense of the Hadamard of order 1 <
α ≤ 2 and q : [a,b]→R is a continuous function.
The function y ∈C([1,e],R) is a solution of the boundary value problem (113) if
and only if y satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (114)
where G(t,s) is the Green’s function defined by
G(t, s) =
1
Γ (α)


−
(
log
e
s
)α−1 (logt)α−1
s
, 1≤ t ≤ s≤ e,
−
(
log
e
s
)α−1 (logt)α−1
s
+
(
log
t
s
)α−1 1
s
, 1≤ s≤ t ≤ e.
(115)
such that
|G(t,s)| ≤
λ α−1
Γ (α)
(1−λ )α−1 exp(−λ ),
with
λ =
1
2
(
2α− 1−
√
(2α − 2)2+ 1
)
. (116)
The result concerning the Lyapunov-type inequality for the problem (113) is as
follows.
Theorem 33. If there exists a nontrivial continuous solution of the fractional bound-
ary value problem (113), then
∫ b
a
|q(s)|ds> Γ (α)λ 1−α .(1−λ )1−α expλ , (117)
where λ is defined by (116).
For recent results on Hadamard type fractional boundary value problems, we
refer the interested reader to the book [46].
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8 Lyapunov inequality for boundary value problems with
Prabhakar fractional derivative
In [47], the authors discussed Lyapunov-type inequality for the following frac-
tional boundary value problem involving the k-Prabhakar derivative:{
(kD
γ
ρ ,β ,ω,a+y)(t)+ q(t) f (y(t)) = 0, a< t < b,
y(a) = y(b) = 0,
(118)
where kD
γ
ρ ,β ,ω,a+
is the k-Prabhakar differential operator of order β ∈ (1,2], k ∈R+
and ρ ,γ,ω ∈ C. The k-Prabhakar integral operator is defined as
(kPα ,β ,ωφ)(t) =
∫ x
0
(x− t)
β
k −1
k
Ek,α ,β [ω(x− t)
α
k ]φ(t)dt, x> 0,
where Ek,α ,β is the k-Mittag-Leffler function given by
E
γ
k,α ,β (z) =
∞
∑
n=0
(γ)n,kz
n
Γk(αn+β )n!
,
Γk(x) is the k-Gamma function Γk(x) = lim
n→∞
n!kn(nk)
x
k−1
(x)n,k
and (γ)n,k =
Γk(γ + nk)
Γk(γ)
is
the Pochhammer k-symbol.
The k-Prabhakar derivative is defined as
kD
γ
ρ ,β ,ω f (x) =
( d
dx
)m
kmk P
−γ
ρ ,mk−β ,ω f (x),
where m= [β/k]+ 1.
An integral equation related to the problem (118) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where
G(t, s) =


(t−a)
β
k
−1E
γ
k,ρ,β (ω(t−a)
ρ
k )(b− s)
β
k
−1
(b−a)
β
k
−1E
γ
k,ρ,β (ω(b−a)
ρ
k )k
E
γ
k,ρ,β (ω(b− s)
ρ
k ), a≤ t ≤ s≤ b,
(t−a)
β
k
−1E
γ
k,ρ,β (ω(t−a)
ρ
k )(b− s)
β
k
−1
(b−a)
β
k
−1E
γ
k,ρ,β (ω(b−a)
ρ
k )k
E
γ
k,ρ,β (ω(b− s)
ρ
k
− (t−s)
β
k
−1
k
E
γ
k,ρ,β (ω(t− s)
ρ
k ), a≤ s≤ t ≤ b,
(119)
which satisfies the following properties:
(i) G(t,s)≥ 0 for all a≤ t,s≤ b;
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(ii) maxt∈[a,b]G(t,s) = G(s,s) for all s ∈ [a,b];
(iii)G(t,s) has a unique maximum given by
max
s∈[a,b]
G(s,s) =
(b− a
4
) β
k
−1E
γ
k,ρ ,β
(
ω
(
b−a
2
) ρ
k
)
E
γ
k,ρ ,β
(
ω
(
b−a
2
) ρ
k
)
kE
γ
k,ρ ,β
(
ω(b− a)
ρ
k
) .
The Lyapunov-type inequality for the problem (118) is given in the following
result.
Theorem 34. If the problem (118) has a nontrivial solution, then
∫ b
a
|q(s)|ds≥
( 4
b− a
) β
k
−1 kE
γ
k,ρ ,β
(
ω(b− a)
ρ
k
)
E
γ
k,ρ ,β
(
ω
(
b−a
2
) ρ
k
)
E
γ
k,ρ ,β
(
ω
(
b−a
2
) ρ
k
) .
The special case k = 1 for the problem (118) has recently been studied in [48].
In 2017, Pachpatte et al. [49] established some Lyapunov-type inequalities for
the following hybrid fractional boundary value problem

D
γ
ρ ,β ,ω
[
y(t)
f (t,y(t))
−
n
∑
i=1
E
γ
ρ ,β ,ωhi(t,y(t))
]
+ g(t)y(t) = 0, t ∈ (a,b),
y(a) = y(b) = 0,
(120)
where D
γ
ρ ,β ,ω
denotes the Prabhakar fractional derivative of order β ∈ (1,2] starting
from a point a, y ∈ C([a,b],R), g ∈ L1((a,b],R), f ∈ C1([a,b]×R,R \ {0}), hi ∈
C([a,b]×R,R), ∀i = 1,2, . . . ,n and Eαρ ,µ,ω is the Prabhakar fractional integral of
order µ with the lower limit at the point a.
We consider two cases: (I) hi = 0, i= 1,2, . . . ,n and (II) hi 6= 0, i= 1,2, . . . ,n.
Case I: hi = 0, i = 1,2, . . . ,n. We consider the problem (120) with hi(t, ·) = 0 for
all t ∈ [a,b]. For α ∈ (2,3], we first construct a Green’s function for the following
boundary value problem

Dαρ ,µ,ω
[
y(t)
f (t,y(t))
]
+ g(t)y(t) = 0, t ∈ (a,b),
y(a) = y(b) = 0,
(121)
with the assumption that f is continuously differentiable and f (t,y(t)) 6= 0 for all
t ∈ [a,b]. Let y ∈ AC([a,b],R) be a solution of the problem (121). Then the function
y satisfies the following integral equation
y= f (t,y)
∫ b
a
G(t,s)g(s)y(s)ds, (122)
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where G(t,s) is the Green’s function defined by (119). The Lyapunov-type inequal-
ity for this case is as follows.
Theorem 35. If the problem (121) has a nontrivial solution, then
∫ b
a
|q(s)|ds≥
1
‖ f‖
( 4
b− a
)β−1 Eγρ ,β(ω(b− a)ρ)
E
γ
ρ ,β
(
ω
(
b−a
2
)ρ)
E
γ
ρ ,β
(
ω
(
b−a
2
)ρ) ,
where ‖ f‖= sup
t∈[a,b],y∈R
| f (t,y)|.
Case II: hi 6= 0, i = 1,2, . . . ,n. Let y ∈ AC[a,b] be a solution of the problem (120)
given by
y(t) = f (t,y(t))
∫ b
a
G(t,s)g
[
(s)y(s)−
n
∑
i=1
∫ b
a
hi(s,y(s))
]
ds, (123)
where G(t,s) is defined as in (119).
Theorem 36. (Lyapunov-type inequality) Assume that |q(t)y(t)−∑ni=1 hi(t,y(t))| ≤
K|qt)|‖y‖, K ∈R. If a nontrivial solution for the problem (120) exists, then
∫ b
a
|q(s)|ds≥
1
K‖ f‖
( 4
b− a
)β−1 Eγρ ,β(ω(b− a)ρ)
E
γ
ρ ,β
(
ω
(
b−a
2
)ρ)
E
γ
ρ ,β
(
ω
(
b−a
2
)ρ) .
9 Lyapunov inequality for q-difference boundary value problems
Let a q-real number denoted by [a]q be defined by
[a]q =
1− qa
1− q
, a ∈ R, q ∈R+ \ {1}.
The q-analogue of the Pochhammer symbol (q-shifted factorial) is defined as
(a;q)0 = 1, (a;q)k =
k−1
∏
i=0
(1− aqi), k ∈ N∪{∞}.
The q-analogue of the exponent (x− y)k is
(x− y)
(0)
a = 1, (x− y)
(k)
a =
k−1
∏
j=0
((x− a)− (y− a)q j), k ∈N, x,y ∈ R.
More generally, if γ ∈ R, then
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(x− y)
(γ)
a = (x− a)
γ
∞
∏
i=0
(x− a)− qi(y− a)
(x− a)− qγ+1(y− a)
.
The q-Gamma function Γq(y) is defined as
Γq(y) =
(1− q)
(y−1)
0
(1− q)y−1
,
where y ∈ R\ {0,−1,−2, . . .}. Observe that Γq(y+ 1) = [y]qΓq(y).
The q-derivative of a function f : [a;b]→ R(a< b) is defined by
(aDq f )(t) =
f (t)− f (qt+(1− q)a
(1− q)(t− a)
, t 6= a
and
(aDq f )(a) = lim
t→a
(aDq f )(t).
In 2016, Jleli and Samet [50] established a Lyapunov-type inequality for a Dirich-
let boundary value problem of fractional q-difference equations given by{
(aD
αy)(t)+φ(t)y(t) = 0, a< t < b, q ∈ [0,1), 1< α ≤ 2,
y(a) = y(b) = 0,
(124)
where aD
α denotes the fractional q-derivative of Riemann-Liouville type and φ :
[a,b]→R is a continuous function.
The solution y ∈C([a,b],R) of the problem (124) satisfies the integral equation
y(t) =
∫ t
a
G1(t,qs+(1− q)a)φ(s)y(s) adqs+
∫ b
t
G2(t,s)φ(s)y(s) adqs, a≤ t ≤ b,
where
G1(t,s) =
1
Γq(α)
( (t− a)α−1
(b− a)α−1
(b− s)
(α−1)
a − (t− s)
(α−1)
a
)
, a≤ s≤ t ≤ b,
G2(t,s) =
(t− a)α−1
Γq(β )(b− a)α−1
(b− (qs+(1− q)a)
(α−1)
a , a≤ t ≤ s≤ b,
satisfying the relations
(i) 0≤ G1(t,qs+(1− q)a)≤ G2(s,s), a< s≤ t ≤ b;
(ii) G2(a,s) = 0≤ G2(t,s)≤ G2(s,s), a≤ t ≤ s≤ b.
Theorem 37. (Lyapunov-type inequality) If the problem (124) has a nontrivial so-
lution, then
∫ b
a
(s− a)α−1(b− (qs+(1− q)a))
(α−1)
a |φ(s)| adqs≥ Γq(α)(b− a)
α−1.
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Taking α = 2 in the above theorem we have the following corollary.
Corollary 18. If a nontrivial continuous solution to the q-difference boundary value
problem, {
(aD
2
qy)(t)+φ(t)y(t) = 0, a< t < b, q ∈ (0,1),
y(a) = y(b) = 0,
(125)
exists, where φ : [a,b]→ R is a continuous function, then
∫ b
a
(s− a)(b− (qs+(1− q)a))|φ(s)| adqs≥ (b− a).
Some recent work on q-difference boundary value problems can be found in [51].
10 Lyapunov inequality for boundary value problems involving a
fractional derivative with respect to a certain function
In 2017, Jleli et al. [52] considered the following fractional boundary value prob-
lem involving a fractional derivative with respect to a certain function g{
(Dαa,gy)(t)+ q(t)y(t) = 0, a< t < b, 1< α ≤ 2,
y(a) = y(b) = 0,
(126)
where Dαa,g is the fractional derivative operator of order α with respect to a nonde-
creasing function g∈C1([a,b],R)with g′(x)> 0, for all x∈ [a,b], and q : [a,b]→R
is a continuous function.
Let f ∈ L1((a,b),R). The fractional integral of order α > 0 of f with respect to
the function g is defined by
(Iαa,g f )(t) =
1
Γ (α)
∫ t
a
g′(s) f (s)
(g(t)− g(s))1−α
ds, a.e. t ∈ [a,b].
Let α > 0 and n be the smallest integer greater than or equal to α. Let f : [a,b]→R
be a function such that ((1/g′(t))(d/dt)nIn−αa,g f exists almost everywhere on [a,b].
Then the fractional derivative of orderα of f with respect to the function g is defined
as
Dαa,g f (t) =
( 1
g′(t)
t
dt
)n
In−αa,g f (t)
=
1
Γ (n−α)
( 1
g′(t)
t
dt
)n ∫ t
a
g′(s) f (s)
(g(t)− g(s))α−n+1
ds, for a.e t ∈ [a,b].
Theorem 38. Assume that q ∈ C([a,b],R) and g ∈ C1([a,b],R) be a nondecreas-
ing function with g′(x) > 0, for all x ∈ [a,b]. If the problem (126) has a nontrivial
solution, then
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∫ b
a
[(g(s)− g(a)((g(b)− g(s))]α−1g′(s)|q(s)|ds≥ Γ (α)(g(b)− g(a))α−1. (127)
From inequality (127), we can obtain Lyapunov-type inequalities for different
choices of the function g. For instance, for g(x) = xβ ,x ∈ [a,b] and g(x) = logx,x ∈
[a,b] we have respectively the following results.
Corollary 19. If the problem (126) has a nontrivial solution and g(x) = xβ ,x ∈
[a,b],0< a< b, then
∫ b
a
|q(s)|ds≥
Γ (α)(bβ − aβ )α−1
β φα ,β (s∗(α,β ))
,
where φα ,β (s
∗(α,β )) =max{φα ,β (s) : s ∈ [a,b]}> 0.
Taking g(x) = logx,x ∈ [a,b],0 < a < b, in Theorem 38, we deduce the following
Hartman-Wintner-type inequality
∫ b
a
[(
log
s
a
)(
log
b
s
)]α−1 |q(s)|
s
ds≥ Γ (α)
(
log
b
a
)α−1
,
for the Hadamard fractional boundary value problem of the form:{
(HDαa y)(t)+ q(t)y(t) = 0, a< t < b, 1< α ≤ 2,
y(a) = y(b) = 0.
(128)
In order to demonstrate the application of Theorem 38, we consider the eigen-
value problem {
Dαa,gy(t)+λy(t) = 0, a< t < b,
y(a) = y(b) = 0,
(129)
and use the Lyapunov-type inequality (127) to obtain the following result.
Theorem 39. If λ is an eigenvalue of fractional boundary value problem (129), then
the following inequality holds
|λ | ≥
Γ (α)(g(b)− g(a))α−1∫ g(b)
g(a)
(x− g(a))α−1(g(b)− x)α−1dx
.
11 Lyapunov inequality for boundary value problems involving
left and right derivatives
The left and right Caputo fractional derivatives are defined via the Riemann-
Liouville fractional derivatives (see [14, p. 91]). In particular, they are defined for a
class of absolutely continuous functions.
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Definition 6. (Left and Right Riemann-Liouville Fractional Integrals [14]). Let f be
a function defined on [a,b]. The left and right Riemann-Liouville fractional integrals
of order γ for function f denoted by I
γ
a+ and I
γ
b− respectively, are defined by
I
γ
a+ f (t) =
1
Γ (γ)
∫ t
a
(t− s)γ−1 f (s)ds, t ∈ [a,b], γ > 0,
and
I
γ
b− f (t) =
1
Γ (γ)
∫ b
t
(t− s)γ−1 f (s)ds, t ∈ [a,b], γ > 0,
provided the right-hand sides are pointwise defined on [a,b], where Γ > 0 is the
gamma function.
Definition 7. (Left and Right Riemann-Liouville Fractional Derivatives [14]). Let
f be a function defined on [a,b]. The left and right Riemann-Liouville fractional
derivatives of order γ for function f denoted by aD
γ
t f (t) and tD
γ
b f (t), respectively,
are defined by
aD
γ
t f (t) =
dn
dtn a
D
γ−n
t f (t) =
1
Γ (n− γ)
dn
dtn
(∫ t
a
(t− s)n−γ−1 f (s)ds
)
and
tD
γ
b f (t) = (−1)
n d
n
dtn t
D
γ−n
b f (t) = (−1)
n 1
Γ (n− γ)
dn
dtn
(∫ b
t
(t− s)n−γ−1 f (s)ds
)
where t ∈ [a,b], n− 1≤ γ < n and n ∈N.
In 2017, Chen et al. [53] obtained a Lyapunov-type inequality for the following
boundary value problem

d
dt
(1
2
I
β
a+y
′(t)+
1
2
I
β
b−y
′(t)
)
+ q(t)y(t) = 0, a< t < b,
y(a) = y(b) = 0,
(130)
where I
β
a+ and I
β
b− denote the left and right Riemann-Liouville fractional integrals
of order 0≤ β < 1, respectively, and q ∈ L1([a,b],R).
Theorem 40. Let q ∈ L1([a,b],R) be a nonnegative function and there exists a non-
trivial solution for the boundary value problem (130). Then
∫ b
a
|q(s)|dt ≥
(
2(b− a)α−1/2
Γ (α)(2α − 1)1/2
1
|cos(piα)|1/2
)−2
, α = 1−
β
2
.
Jleli et al. [54] considered the following quasilinear problem involving both left and
right Riemann-Liouville fractional derivative operators:
Fractional Lyapunov-type inequalities 45

1
2
(
tD
α
b (|aD
α
t |
p−2
a D
α
t y)+aD
α
t (|tD
α
b y|
p−2
t D
α
b y)
)
= q(t)|y|p−2y, a< t < b,
y(a) = y(b) = 0,
(131)
where aD
α
t and tD
α
b denote the left Riemann-Liouville fractional derivative of order
α ∈ (0,1) and the right Riemann-Liouville fractional derivative of order α respec-
tively. Note that for α = 1, problem (131) reduces to the p-Laplacian problem{
(|y′|p−2y)′+ q(t)|y|p−2y= 0, a< t < b, p> 1,
y(a) = y(b) = 0,
(132)
The Lyapunov-type inequality for the problem (131) is given in the following theo-
rem.
Theorem 41. Assume that 0 1
p
< α < 1 and q ∈ L1(a,b). If problem (131) admits a
nontrivial solution y∈ACα ,pa [a,b]∩AC
α ,p
b [a,b]∩C[a,b] such that |y(c)|= ‖y‖∞, c∈
(a,b), then
∫ b
a
q+(s)ds≥
(
2(α p− 1)
p− 1
)p−1
[Γ (α)]p(
(c− a)
α p−1
p−1 +(b− c)
α p−1
p−1
)p−1 ,
where q+(t) = max{q(t),0} for t ∈ [a,b], ACα ,pa [a,b] = {y ∈ L
1(a,b) :a D
α
t y ∈
Lp(a,b)} and ACα ,pb [a,b] = {y ∈ L
1(a,b) :t D
α
b y ∈ L
p(a,b)}.
12 Lyapunov inequality for boundary value problems with
nonsingular Mittag-Leffler kernel
In 2017, Abdeljawad [55] proved a Lyapunov-type inequality for the following
Riemann-Liouville type fractional boundary value problem of order 2 < α ≤ 3 in
terms of Mittag-Leffler kernels:{
(ABRa D
αy)(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3,
y(a) = y(b) = 0,
(133)
where ABRa D
α denotes the left Riemann-Liouville fractional derivative defined by
(ABRa D
α f )(t) =
B(α)
1−α
d
dt
∫ t
a
f (x)Eα
(
−α
(t− x)α
1−α
)
ds,
where B(α) is a normalization function such that B(0) = B(1) = 1, and Eα is the
generalized Mittag-Leffler function given by Eα(−t
α) =
∞
∑
k=0
(−t)αk
Γ (αk+ 1)
.
The integral equation equivalent to the boundary value problem (133) is
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y(t) =
∫ b
a
G(t,s)R(t,y(s))ds,
where
G(t,s) =


(t− a)(b− s)
b− a
, a≤ t ≤ s≤ b,
(t− a)(b− s)
b− a
− (t− s), a≤ s≤ t ≤ b,
and
R(t,y(t)) =
1−β
B(β )
q(t)y(t)+
β
B(β )
(
a
Iβq(·)y(·)
)
(t), β = α− 2.
The Green’s function G(t,s) defined above has the following properties:
(i) G(t,s)≥ 0 for all a≤ t,s≤ b;
(ii) maxt∈[a,b]G(t,s) = G(s,s) for s ∈ [a,b];
(iii)G(s,s) has a unique maximum, given by
max
s∈[a,b]
G(s,s) = G
(a+ b
2
,
a+ b
2
)
=
b− a
4
.
The Lyapunov inequality for the problem (133) is given in the following result.
Theorem 42. If the boundary value problem (133) has a nontrivial solution, where
q is a real-valued continuous function on [a,b], then
∫ b
a
[ 3−α
B(α − 2)
|q(t)|+
α − 2
B(α− 2)
(aI
α−2|q(·)|)(t)
]
ds>
4
b− a
. (134)
Remark 1. For α → 2+, notice that
3−α
B(α − 2)
|q(t)|+
α − 2
B(α − 2)
(aI
α−2|q(·)|)(t)→
|q(t)| and hence the inequality (134) reduces to the classical Lyapunov inequality
(6).
13 Lyapunov inequality for discrete fractional boundary value
problems
Let us begin this section with the definitions of integral and derivative of arbitrary
order for a function defined on a discrete set. For details, see [56].
The power function is defined by
x(y) =
Γ (x+ 1)
Γ (x+ 1− y)
, for x,x− y ∈ R\ {. . . ,−2,−1}.
For a ∈ R, we define the set Na = {a,a+ 1,a+ 2, . . .}. Also, we use the notation
σ(s) = s+ 1 for the shift operator and (∆ f )(t) = f (t + 1)− f (t) for the forward
difference operator. Notice that (∆2 f )(t) = (∆∆ f )(t).
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For a function f : Na → R, the discrete fractional sum of order α ≥ 0 is defined
as
(a∆
0 f )(t) = f (t), t ∈ Na,
(a∆
−α f )(t) =
1
Γ (α)
t−α
∑
s=a
(t−σ(s))(α−1), f (s), t ∈ Na+α, α > 0.
The discrete fractional derivative of order α ∈ (1,2] is defined by
(a∆
α f )(t) = (∆2 a∆
−(2−α) f )(t), t ∈Na+2−α .
In 2015, Ferreira [57] studied the following conjugate boundary value problem{
(∆ αy)(t)+ q(t+α− 1)y(t+α− 1) = 0, t ∈ [0,b+ 1]N0,
y(α − 2) = 0= y(α + b+ 1).
(135)
The function y is a solution of the boundary value problem (135) if and only if y
satisfies the integral equation
y(t) =
b+1
∑
0
G(t,s)q(s+α− 1) f (y(s+α− 1)), (136)
where G(t,s) is the Green’s function defined by
G(t,s) =
1
Γ (α)


t(α−1)(α + b−σ(s))(α−1)
(α + b+ 1)(α−1)
−(t−σ(s))(α−1), s< t−α + 1< b+ 1,
t(α−1)(α + b−σ(s))(α−1)
(α + b+ 1)(α−1)
, t−α + 1≤ s≤ b+ 1,
(137)
and that
max
s∈[0,b+1]N0
G(s,s) = G
(b
2
+α− 1,
b
2
)
, if b is even,
max
s∈[0,b+1]N0
G(s,s) = G
(b+ 1
2
+α− 1,
b+ 1
2
)
, if b is odd,
The Lyapunov inequality for the problem (135) is as follows.
Theorem 43. If the discrete fractional boundary value problem (135) has a nontriv-
ial solution, then
b+1
∑
s=0
|q(s+α− 1)|> 4Γ (α)
Γ (b+α + 2)Γ 2
(
b
2
+ 2
)
(b+ 2α)(b+ 2)Γ 2
(
b
2
+α
)
Γ (b+ 3)
, if b is even;
48 S.K. Ntouyas, B. Ahmad and T.P. Horikis
b+1
∑
s=0
|q(s+α− 1)|> 4Γ (α)
Γ (b+α + 2)Γ 2
(
b+3
2
)
Γ (b+ 3)(Γ 2
(
b+1
2
+α
) , if b is odd.
As a simple application, consider the right-focal boundary value problem in The-
orem 43 with q= λ ∈R. Then an eigenvalue of the boundary value problem{
(∆ αy)(t)+λy(t+α− 1) = 0, t ∈ [0,b+ 1]N0,
y(α − 2) = 0= ∆y(α + b),
(138)
must necessarily satisfy the following inequality
|λ | ≥
1
Γ (α − 1)(b+ 2)2
.
Ferreira [57] also studied the following right-focal boundary value problem{
(∆ αy)(t)+ q(t+α− 1)y(t+α− 1) = 0, t ∈ [0,b+ 1]N0,
y(α − 2) = 0= ∆y(α + b).
(139)
The function y is a solution of the boundary value problem (139) if and only if y
satisfies the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds, (140)
where G(t,s) is the Green’s function defined by
G(t, s) =
1
Γ (α)


Γ (b+3)t(α−1)(α +b−σ (s)(α−2)
Γ (α +b+1)
−(t−σ (s))(α−1), s < t−α +1< b+1,
Γ (b+3)t(α−1)(α +b−σ (s)(α−2)
Γ (α +b+1)
, t−α +1≤ s≤ b+1,
(141)
with
max
s∈[0,b+1]N0
G(s+α− 1,s) = G(b+α,b+ 1) = Γ (α − 1)(b+ 2).
The Lyapunov inequality for the problem (139) is presented as follows.
Theorem 44. If the discrete fractional boundary value problem (139) has a nontriv-
ial solution, then
b+1
∑
s=0
|q(s+α− 1)|>
1
Γ (α − 1)(b+ 2)
.
In 2017, Chidouh and Torres [58], studied the following conjugate boundary
value problem
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(∆ αy)(t)+ q(t+α− 1) f (y(t+α− 1)) = 0, t ∈ [0,b+ 1]N0,
y(α− 2) = 0= y(α + b+ 1),
(142)
where f ∈C(R+,R+) is nondecreasing and q : [α − 1,α + b]Nα−1 → R
+ is a non-
trivial function.
The function y is a solution of the boundary value problem (142) if and only if y
satisfies the integral equation
y(t) =
b+1
∑
0
G(t,s)q(s+α− 1) f (y(s+α− 1)), (143)
where G(t,s) is the Green’s function defined by
G(t, s) =
1
Γ (α)


t(α−1)(α +b− s)(α−1)
(α +b+1)(α−1)
− (t− s−1)(α−1), s< t−α +1< b+1,
t(α−1)(α +b− s)(α−1)
(α +b+1)(α−1)
, t−α +1≤ s≤ b+1.
(144)
Moreover, the function G satisfies the following properties:
(i) G(t,s)> 0 for all t ∈ [α − 1,α + b]N0 and s ∈ [1,b+ 1]N1;
(ii) max[α−1,α+b]N0
G(t,s) = G(s+α− 1,s), s ∈ [1,b+ 1]N1;
(iii)G(s+α− 1) has a unique maximum given by
max
s∈[1,b+1]N1
G(s+α−1)=


1
4
(b+ 2α)(b+ 2)Γ 2
(
b
2
+α
)
Γ (b+ 3)
Γ (α)Γ (b+α + 2)Γ 2
(
b
2
+α
) i f b is even,
1
Γ (α)
(b+ 3)Γ 2
(
b+1
2
+α
)
Γ (b+α + 2)Γ 2
(
b+3
2
) i f b is odd.
The Lyapunov inequality for the problem (142) is expressed as follows.
Theorem 45. If the discrete fractional boundary value problem (142) has a nontriv-
ial solution, then
b+1
∑
s=0
|q(s+α− 1)|> 4Γ (α)
Γ (b+α + 2)Γ 2
(
b
2
+ 2
)
η
(b+ 2α)(b+ 2)Γ 2
(
b
2
+α
)
Γ (b+ 3) f (η)
, if b is even,
and
b+1
∑
s=0
|q(s+α− 1)|> 4Γ (α)
Γ (b+α + 2)Γ 2
(
b+3
2
)
η
Γ (b+ 3)(Γ 2
(
b+1
2
+α
)
f (η)
, if b is odd,
where η =max[α−1,α+b]Nα−1
y(s+α− 1).
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In 2017, Ghanbari and Gholami [59] presented the Lyapunov-type inequalities
for two special classes of Sturm-Liouville problems equipped with fractional ∆ -
difference operators, which are given in the next two results.
Theorem 46. Assume that p : [a,b]N0 →R
+ and q : [α +a−1,α +b−1]Nα−1 →R
are real-valued functions. If y defined on [α + a− 1,α + b− 1]Nα−1 is a nontrivial
solution to the fractional Sturm-Liouville problem{
∆ αb−(p(t)∆
α
a+y(t))+ [q(t+α− 1)−λ ]y(t+α− 1) = 0, t ∈ (a,b),
y(α + a− 1) = 0, y(α + b) = 0,
(145)
where α ∈ (1/2,1) and t = a,a+ 1, . . . ,b, a,b ∈ Z, λ ∈ R such that a ≥ 1,b ≥ 3,
then the following Lyapunov type inequality holds:
b
∑
s=a
b
∑
w=a
(
|q(w+α− 1)−λ |
p(s)
)
≥
1
2
.
Theorem 47. Suppose that q : [α +a−1,α+b−1]Nα−1 →R is a real-valued func-
tion for 1<α ≤ 2. Assume that y defined on [α+a−2,α+b+1]Nα−2 is a nontrivial
solution to the fractional ∆ -difference boundary value problem:{
∆ αa+y(t)+ [q(t+α− 1)−λ ]y(t+α− 1) = 0, t ∈ (a,b),
y(α + a− 2) = 0, y(α + b+ 1) = 0,
(146)
where t = a,a+ 1, . . . ,b,b+ 1 a,b ∈ Z, λ ∈ R such that a ≥ 1,b ≥ 2, then the
following Lyapunov-type inequalities hold:
b+1
∑
a
|q(s+α− 1)−λ | ≥ Γ (α)
b− a+ 2
b− a+ 2α
Γ (α + b− a+ 2)Γ2
(
b−a
2
+ 1
)
Γ (b− a+ 2)Γ 2
(
b−a
2
+α
) ,
if a+ b is even and
b+1
∑
a
|q(s+α− 1)−λ | ≥ Γ (α)
b− a+ 3
b− a+ 2α+ 1
Γ (α + b− a+ 2)Γ2
(
b−a+1
2
+ 1
)
Γ (b− a+ 2)Γ 2
(
b−a+1
2
+α
) ,
if a+ b is odd.
14 Lyapunov-type inequality for fractional impulsive boundary
value problems
In 2017, Kayar [60] considered the following impulsive fractional boundary
value problem
Fractional Lyapunov-type inequalities 51

(CDαy)(t)+ q(t)y(t) = 0, t 6= τi, a< t < b,1< α < 2,
∆y|t=τi := y(τ
+
i )− y(τ
−
i ), i= 1,2, . . . , p,
∆y′t=τi =−
γi
βi
y(τ−i ), i= 1,2, . . . , p,
y(a) = y(b) = 0,
(147)
whereCDα is the Caputo fractional derivative of orderα (1<α ≤ 2), q :PLC[a,b]→
R is a continuous function, a = τ0 < τ1 < .. . < τp < τp+1 = b, PLC[a,b] = {y :
[a,b] → R is continuous on each interval (τi,τi+1), the limits y(τ
±
i ) exist and
y(τ−i ) = y(τi) for i= 1,2, . . . , p}, and PLC
1[a,b] = {y : [a,b]→ R,y′ ∈ PLC[a,b]}.
y ∈ PLC1([a,b],R) is a solution of the boundary value problem (147) if and only
if y satisfies the following integral equation
y(t) =−
∫ b
a
G(t,s)q(s)y(s)ds− ∑
a≤τi<b
H(t,τi)
γi
βi
y(τi),
where
G(t,s) =
1
Γ (α)


a− t
b− a
(b− s)α−1 a≤ t ≤ s≤ b,
a− t
b− a
(b− s)α−1− (t− s)α−1, a≤ s≤ t ≤ b,
and
H(t,τi) =
1
Γ (α)


a− t
b− a
(b− τi) a≤ t ≤ τi ≤ b,
a− τi
b− a
(b− t), a≤ τi ≤ t ≤ b.
Furthermore, the functions G and H satisfy the following properties:
(i) G(t,s)| ≤ 1
Γ (α)
(α−1)α−1
αα (b− a)
α−1, for all a≤ t,s≤ b;
(ii) H(t,τi)≤ 0 and |H(t,τi)| ≤
b−a
4
, for all a≤ t,τi ≤ b.
The Lyapunov inequality for the problem (147) is the following.
Theorem 48. (Lyapunov inequality) If the problem (147) has a nontrivial solution
y(t) 6= 0 on (a,b), then
∫ b
a
|q(s)|ds+ ∑
a≤τi<b
( γi
βi
)+
>min
{
4
b− a
,
Γ (α)αα
[(α − 1)(b− a)]α−1
}
,
where
(
γi
βi
)+
=max
{
γi
βi
,0
}
.
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15 Lyapunov inequality for boundary value problems involving
Hilfer fractional derivative
A generalization of both Riemann-Liouville and Caputo derivatives, known as
generalized Riemann-Liouville derivative of order α ∈ (0,1) and type β ∈ [0,1], was
proposed by R. Hilfer in [61]. Such a derivative interpolates between the Riemann-
Liouville and Caputo derivative in some sense. For properties and applications of
the Hilfer derivative, see [62, 63] and references cited therein.
Definition 8. The generalized Riemann-Liouville fractional derivative or Hilfer
fractional derivative of order α and parameter β for a function u is defined as
HDα ,βu(t) = Iβ (n−α)DnI(1−β )(n−α)u(t),
where n− 1< α < n, 0≤ β ≤ 1, t > a, D=
d
dt
.
Remark 2. The Hilfer fractional derivative corresponds to the Riemann-Liouville
fractional derivative for β = 0, that is, HDα ,0u(t) = DnIn−αu(t), while it cor-
responds to the Caputo fractional derivative for β = 1 given by HDα ,1u(t) =
In−αDnu(t).
In 2016, Pathak [69] studied Lyapunov-type inequalities for fractional boundary
value problems involving Hilfer fractional derivative and Dirichlet, mixed Dirichlet
and Neumann boundary conditions.
Let us first consider the Dirichlet boundary value problem given by

(Dα ,β y)(t)+ g(t)y(t) = 0, t ∈ (a,b), 1< α ≤ 2, 0≤ β ≤ 1,
y(a) = y(b) = 0,
(148)
which is equivalent to the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where
G(t,s) =
1
Γ (α)


(
t− a
b− a
)1−(2−α)(1−β )
(b− s)α−1, a≤ t ≤ s≤ b,
(
t− a
b− a
)1−(2−α)(1−β )
(b− s)α−1− (t− s)α−1, a≤ s≤ t ≤ b,
is the Green’s function satisfying the property:
|G(t,s)| ≤
(b− a)α−1[α − 1+β (2−α)]α−1+β (2−α)[α − 1]α−1
Γ (α)[α − (2−α)(1−β )]α−(2−α)(1−β )
, (t,s)∈ [a,b]× [a,b].
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Theorem 49. (Lyapunov-type inequality) If a nontrivial continuous solution of the
problem (148) exists, then
∫ b
a
|q(s)|ds≥
Γ (α)[α − (2−α)(1−β )]α−(2−α)(1−β )
(b− a)α−1[α − 1+β (2−α)]α−1+β (2−α)(α − 1)α−1
.
Next we consider a fractional boundary value problems involving Hilfer frac-
tional derivative and mixed Dirichlet and Neumann boundary conditions:

(Dα ,β y)(t)+ q(t)y(t) = 0, t ∈ (a,b), 1< α ≤ 2, 0≤ β ≤ 1,
y(a) = y′(b) = 0,
(149)
which is equivalent to the integral equation
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where G(t,s) =
H(t,s)
Γ (α)(b− s)2−α
and
H(t,s) =


(α − 1)(t− a)1−(2−α)(1−β )(b− a)(2−α)(1−β )
1− (2−α)(1−β )
, a≤ t ≤ s≤ b,
(α − 1)(t− a)1−(2−α)(1−β )(b− a)(2−α)(1−β )
1− (2−α)(1−β )
−(t− s)α−1(b− s)2−α , a≤ s≤ t ≤ b.
The function H satisfies the following property:
|H(t,s)| ≤
b− a
α − 1+β (2−α)
max{α− 1,β (2−α)}, (t,s) ∈ [a,b]× [a,b].
Theorem 50. (Lyapunov-type inequality) If a nontrivial continuous solution of the
problem (149) exists, then
∫ b
a
(b− s)α−2|q(s)|ds≥
Γ (α)(α − 1+β (2−α))
(b− a)max{α− 1,β (2−α)}
.
Now we establish a Lyapunov-type inequality for another fractional boundary
value problems with Hilfer fractional derivative and mixed Dirichlet and Neumann
boundary conditions:

(Dα ,β y)(t)+ q(t)y(t) = 0, t ∈ (a,b), 1< α ≤ 2, 0≤ β ≤ 1,
y(a) = y′(a) = y′(b) = 0,
(150)
which can be transformed to the integral equation:
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y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where
G(t,s) =
1
Γ (α)


(α − 1)(t− a)2−(3−α)(1−β )(b− s)α−2
(b− a)1−(3−α)(1−β )[2− (3−α)(1−β )
, a≤ t ≤ s≤ b,
(α − 1)(t− a)2−(3−α)(1−β )(b− s)α−2
(b− a)1−(3−α)(1−β )[2− (3−α)(1−β )
−(t− s)α−1, a≤ s≤ t ≤ b,
is the Green’s function satisfying the property:
|G(t,s)| ≤
2(b− a)α−1(α − 2)α−2
Γ (α)[2− (3−α)(1−β )]α−1
, (t,s) ∈ [a,b]× [a,b].
Theorem 51. (Lyapunov-type inequality) If a nontrivial continuous solution of the
problem (150) exists, then
∫ b
a
|q(s)|ds≥
Γ (α)[2− (3−α)(1−β )]α−1
(b− a)α−1(α − 2)α−2
.
Finally we consider the following fractional boundary value problem with Hilfer
fractional derivative and a mixed set of fractional Dirichlet, Neumann and fractional
Neumann boundary conditions

(Dα ,β y)(t)+ q(t)y(t) = 0, a< t < b, 2< α ≤ 3, 0≤ β ≤ 1,
(
I(3−α)(1−β )y
)
(a) = 0, y′(b) = 0,
d2
dt2
(
I(3−α)(1−β )y
)
(a) = 0.
(151)
The integral equation equivalent to the Problem (151) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where
G(t,s) =
1
Γ (α)


(α − 1)(t− a)1−(3−α)(1−β )(b− s)α−2
(b− a)−(3−α)(1−β )[1− (3−α)(1−β )]
, a≤ t ≤ s≤ b,
(α − 1)(t− a)1−(3−α)(1−β )(b− s)α−2
(b− a)−(3−α)(1−β )[1− (3−α)(1−β )]
−(t− s)α−1, a≤ s≤ t ≤ b,
such that
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|G(t,s)| ≤
(α − 2)α−2(b− a)α−1
Γ (α)[1− (3−α)(1−β )]α−1
, (t,s) ∈ [a,b]× [a,b].
Theorem 52. (Lyapunov inequality) If a nontrivial continuous solution of the prob-
lem (151) exists, then
∫ b
a
|q(s)|ds≥
Γ (α)[1− (3−α)(1−β )]α−1
(b− a)α−1(α − 2)α−2
.
In 2017, Kirane and Torebek [64] obtained Lyapunov-type inequalities for the
following fractional boundary value problem{
D
α ,γ
a y(t)+ q(t) f (y(t)) = 0, a< t < b, 1< α ≤ γ < 2,
y(a) = y(b) = 0,
(152)
where D
α ,γ
a is a generalized Hilfer fractional derivative of order α ∈ R (m− 1 <
α < m,m ∈ N) and type γ , defined as
Dα ,γa f (t) = I
γ−α
a
dm
dtm
Im−γa f (t),
and q : [a,b]→R is a nontrivial Lebesgue integrable function.
The integral representation for the solution of the boundary value problem (152)
is
y(t) =
∫ b
a
G(t,s)q(s) f (y(s))ds,
where G(t,s) is the Green’s function given by
G(t,s) =


( t− a
b− a
)γ−1 (b− s)α−1
Γ (α)
−
(t− s)α−1
Γ (α)
, a≤ s≤ t ≤ b,
( t− a
b− a
)γ−1 (b− s)α−1
Γ (α)
, a≤ t ≤ s≤ b.
Further, the above Green’s function G(t,s) satisfies the following properties:
(i) G(t,s)≥ 0 for a≤ t,s≤ b;
(ii) maxa≤t≤bG(t,s) = G(s,s), s ∈ [a,b];
(iii)G(s,s) has a unique maximum, given gy
max
a≤s≤b
G(s,s) =
(α − 1)α−1
(γ +α− 2)γ+α−2
((γ − 1)b− (α− 1)a)γ−1
Γ (α)(b− a)γ−α
.
They obtained the following Lyapunov-type inequalities.
Theorem 53. If the fractional boundary value problem (152) has a nontrivial solu-
tion for a real valued continuous function q, then
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∫ b
a
|q(s)|ds>
(γ +α− 2)γ+α−2
(α − 1)α−1
Γ (α)(b− a)γ−α
((γ − 1)b− (α− 1)a)γ−1
.
Theorem 54. Let q : [a,b]→R be a real notrivial Lebesgue integrable function and
f ∈C(R+,R+) be a concave and nondecreasing function. If there exists a nontrivial
solution y for the problem (152), then
∫ b
a
|q(s)|ds>
(γ +α− 2)γ+α−2
(α − 1)α−1
Γ (α)(b− a)γ−α
((γ − 1)b− (α− 1)a)γ−1
ω
f (ω)
,
where ω =maxt∈[a,b] y(t).
Theorem 55. (Hartman-Wintner type inequality) Let the functions q and f satisfy
the conditions of Theorem 54. Suppose that the fractional boundary value problem
(152) has a nontrivial solution. Then
∫ b
a
(s− a)γ−1(b− s)α−1q+(s)ds>
‖y‖
f (‖y‖)
Γ (α)(b− a)γ−1.
Corollary 20. If f (y) = y (linear case) and q ∈ L1([a,b],R+), then
∫ b
a
(s− a)γ−1(b− s)α−1q+(s)ds> Γ (α)(b− a)γ−1.
16 Lyapunov-type inequality with the Katugampola fractional
derivative
In 2018, Lupinska and Odzijewicz [65] obtained a Lyapunov-type inequality for
the following fractional boundary value problem{
D
α ,ρ
a+ y(t)+ q(t)y(t) = 0, a< t < b, α > 0,ρ > 0,
y(a) = y(b) = 0,
(153)
where D
α ,ρ
a+ is the Katugampola fractional derivative of order α , defined as
D
α ,γ
a+ f (t) =
(
t1−α
d
dt
)n
In−αa+ f (t),
for t ∈ (a,b), n = [α] + 1, 0 < a < t < b ≤ ∞ and q : [a,b]→ R is a continuous
function. Here I
α ,ρ
a+ is the Katugampola fractional integral defined by
I
α ,ρ
a+ f (t) =
ρ1−α
Γ (α)
∫ t
a
sρ−1
(tρ − sρ)1−α
f (s)ds.
Fractional Lyapunov-type inequalities 57
The integral representation for the solution of the boundary value problem (153)
is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where G(t,s) is the Green’s function given by
G(t,s) =
ρ1−α
Γ (α)


sρ−1
(bρ − sρ)1−α
( tρ − aρ
bρ − aρ
)α−1
, a≤ t ≤ s≤ b,
sρ−1
(bρ − sρ)1−α
( tρ − aρ
bρ − aρ
)α−1
−
sρ−1
(tρ − sρ)1−α
, a≤ s≤ t ≤ b,
which satisfies the following properties:
(i) G(t,s)≥ 0 for a≤ t,s≤ b;
(ii) max
a≤t≤b
G(t,s) = G(s,s) ≤
max{aρ−1,bρ−1}
Γ (α)
(bρ − aρ
4ρ
)α−1
, s ∈ [a,b].
They obtained the following Lyapunov-type inequality.
Theorem 56. If the fractional boundary value problem (153) has a nontrivial solu-
tion for a real valued continuous function q, then
∫ b
a
|q(s)|ds>
Γ (α)
max{aρ−1,bρ−1}
( 4ρ
bρ − aρ
)α−1
.
Remark 3. In the special case when ρ = 1 in Theorem 56, we get the following
result ∫ b
a
|q(s)|ds≥ Γ (α)
( 4
b− a
)α−1
,
which is Theorem 2, while taking ρ → 0+ in Theorem 56, we have the Lyapunov’s
type inequality for the Hadamard fractional derivative:
∫ b
a
|q(s)|ds≥ αΓ (α)
( log(b/a)
4
)1−α
.
17 Lyapunov inequality for a boundary value problem involving
the conformable derivative
Recently, Khalil et al. [66] introduced a new derivative, which appears in the form
of a limit like the classical derivative and is known as the conformable derivative.
Later, this new local derivative was improved by Abdeljawad [67]. The importance
of the conformable derivative is that it has properties similar to the ones of the
classical derivative. However, the conformable derivative does not satisfy the index
law [68, 70] and the zero order derivative property, that is, the zero order derivative
of a differentiable function does not return to the function itself.
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In 2017, Khaldi et al. [71] obtained a Lyapunov-type inequality for the following
boundary value problem involving the conformable derivative of order 1 < α < 2
and Dirichlet boundary conditions:{
Tαy(t)+ q(t)y(t) = 0, t ∈ (a,b),
y(a) = y′(b) = 0,
(154)
where Tα denotes the conformable derivative of order α and q : [a,b]→ R is a real
continuous function.
The conformable derivative of order 0 < α < 1 for a function g : [a,∞)→ R is
defined by
Tαg(t) = lim
ε→0
g
(
t+ ε(t− a)1−α
)
− g(t)
ε
, t > a.
If Tαg(t) exists on (a,b),b> a and limt→a+ Tαg(t) exists, then we define Tαg(a) =
limt→a+ Tαg(t).
The conformable derivative of order n< α < n+ 1 of a function g : [a,∞)→ R,
when g(n) exists, is defined as
Tαg(t) = Tβg
(n)(t),
where β = α − n ∈ (0,1).
The solution y of the problem (154) can be written as
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where
G(t,s) =
1
b− a
{
(b− s)(t− a), a≤ t ≤ s≤ b,
−(b− a)(t− s)+ (b− s)(t− a), a≤ s≤ t ≤ b,
is the Green’s function, which is nonnegative, continuous and satisfies the property:
0≤ G(t,s)≤ b− a, for all t,s ∈ [a,b].
Theorem 57. (Lyapunov inequality) Let q ∈ C([a,b],R). If the boundary value
problem (154) has a solution y ∈ AC2([a,b],R) such that y(t) 6= 0 a.e. on (a,b),
then ∫ b
a
|q(s)|(s− a)α−2ds≥
4
b− a
.
In 2017, Abdeljawad et al. [72] obtained Lyapunov-type inequality for a Dirichlet
boundary value problem involving conformable derivative of order 1< α < 2:
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Tαy(t)+ q(t)y(t) = 0, t ∈ (a,b),
y(a) = y(b) = 0,
(155)
where Tα denotes the conformable derivative of order α and q : [a,b]→ R is a real
continuous function.
The solution for the boundary value problem (155) is
y(t) =
∫ b
a
G(t,s)q(s)y(s)ds,
where G(t,s) is the Green’s function given by
G(t,s) =


(t− a)(b− s)
b− a
· (s− a)α−2, a≤ t ≤ s≤ b,
((t− a)(b− s)
b− a
− (t− s)
)
· (s− a)α−2, a≤ s≤ t ≤ b,
which satisfies the properties:
(i) G(t,s)≥ 0 for all a≤ t,s≤ b;
(ii) maxt∈[a,b]G(t,s) = G(s,s) for s ∈ [a,b];
(iii)G(t,s) has a unique maximum, given by
max
s∈[a,b]
G(s,s) = G
(a+(α− 1)b
α
,
a+(α− 1)b
α
)
=
(b− a)α−1(α − 1)α−1
αα
.
The Lyapunov inequality for the problem (155) is given in the following result.
Theorem 58. If the problem (155) has a nontrivial solution, where q is a real valued
continuous function on [a,b], then
∫ 1
0
|q(s)|ds>
αα
(b− a)α−1(α − 1)α−1
.
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